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CVD 


A Message from the Editor 


Beginning with the next issue of these TRANSACTIONS, Kiyo Tomiyasu 
will be the Editor. 

The last two years have seen these TRANSACTIONS grow both in size and 
quality of contents. The growth has been a healthy one, and there appears 
to be every reason to believe that it will continue. 

In closing my term of office, I would like to thank the various people 
who have helped to make these TRANSACTIONS possible. These people 
include the members of the editorial board whose names are listed below, 
the Administrative Committee of the Professional Group, the editorial 
staff at IRE Headquarters, and the many fine authors without whom these 
TRANSACTIONS would not exist. 


Editorial Board Members 
Past and Present 


Eugene Feldman Marshall C. Pease 
Irving Goldstein Wilbur L. Pritchard 
Henry Jasik John Reed 

Donald D. King William E. Waller 
Richard C. LaRosa Ernest Wantuch 
Roderic V. Lowman Gershon Wheeler 


—THEODORE S. SAAD 


Cyd 


April 
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Alfred C. Beck 


Alfred C. Beck was born in Granville, N. Y., on 
July 26, 1905. He received the E.E. degree from 
Rensselaer Polytechnic Institute in 1927. During 
the summers of 1926 and 1927 he worked in the 
Test Department of the New York Edison Com- 
pany on various electric power projects, and 
through the academic year, 1927-1928, he was an 
instructor in mathematics at Rensselaer Polytech- 
nic Institute. Graduate courses in communications 
during that year, and experience as a radio ama- 
teur (W2AGG), convinced him that his interests 
were along the lines of radio communication. 

In July, 1928, he became a member of the tech- 
nical staff of Bell Telephone Laboratories, Inc., 
assigned to the Radio Research Department at 
Cliffwood, N. J. He worked on antennas for the 
transatlantic and _ ship-to-shore radiotelephone 
systems, including inverted vees, rhombics, comb 
antennas, and MUSA arrangements. In 1930, this 
group moved and formed the Holmdel Radio Re- 
search Laboratory, where he is still located. 

In the latter 1930’s, attention turned to research 
on microwave radio repeaters for Bell System use. 


However, the national defense requirements for 
radar soon took full time, and communications 
work had to be postponed. There followed about 
five years of work on antennas, waveguide com- 
ponents, and microwave equipment for naval fire 
control and other military radar applications. 

After World War II, work was resumed on 
broad-band Bell System transmission methods. A 
few years were spent with the development, as- 
sembly, and testing of microwave radio repeater 
systems. 

For the past several years, Mr. Beck has been 
working on special waveguides, components, ex- 
perimental installations, and testing methods for 
long-distance communication using circular elec- 
tric waveguides. 

Mr. Beck has a number of publications and 
patents in the radio field. He is a New York State 
licensed professional engineer and a member of 
Sigma Xi. He has served in a number of IRE 
capacities, including chairman of the New York 
Section and chairman of the PGMTT Adminis- 
trative Committee. 
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Communication Superhighways 


ALFRED G2 BECK 
Bell Telephone Laboratories, Inc., Holmdel, N. J. 


Because of advances in communication, it has 
been said that more progress has been made in sci- 
ence and general living conditions in the last fifty 
years than in all the thousands of years preceding. 
Part of this is due to transportation improvements 
in all divisions—land, water, and air. Today, auto 
trips from New York to Chicago in about fifteen 
hours demonstrate strikingly what a big advance 
turnpikes make in surface travel. Such thorough- 
fares are important for the trucking industry, too, 
and government is pushing superhighway con- 
struction all over the country. On these highways 
traffic has exceeded all estimates, thus proving 
their value. 

The telephone is one of the important parts of 
the communication art which has contributed so 
much to our way of living. In its early days, am- 
plification became a necessity for extending the 
talking distances, and fifty years ago the birth of 
the electron tube made this practical, as well as 
ushering in the electronic art which gave us our 
profession. And this tube, by the process of modu- 
lation, led to carrier systems, stacking up many in- 
dividual channels on single transmission lines that 
became highways of communication. This was a 
big advance, greatly reducing the cost and increas- 
ing the amount of long distance traffic. 

As this process continued to higher frequencies, 
the increase in losses prompted the use of better 
transmission lines, one example being the coaxial. 
Then, as high frequency techniques improved, mi- 
crowave art produced broader bandwidth systems, 
wider communication highways which, like the 
auto highways, are handling more and more traffic. 

Other communication requirements have also 
contributed to this traffic increase. The telephone 
made possible talking and hearing at a distance. 
Many years ago, a Bell System research executive 
said that he was sure people were just as anxious 
to see at a distance as they were to hear at a dis- 
tance. The big strides of television in the field have 
proved the truth of this observation. This has 
placed large bandwidth requirements on our com- 
munication systems, which may well be tremend- 
ous, if business and personal television service, 
even in a small part akin to the telephone service, 
become a reality. The demand for data transmis- 
sion is now growing fast too, and other new com- 


munication needs are constantly arising. 

All of this will require communications super- 
highways, if it is to be transmitted at a low enough 
cost for public acceptance. Such superhighways, 
because of their large bandwidth, must come in the 
microwave frequency range or higher. So this be- 
comes one of the big challenges and opportunities 
in microwave theory and techniques. 

Radio highways through the air, using the high- 
er frequencies of the spectrum, form an important 
part of our art and have occupied many pages of 
the TRANSACTIONS. But radio has definite limita- 
tions in available bands, interference, fading, and 
congestion at large traffic centers. Then too, rain, 
water vapor, and oxygen place an upper limit 
on transmission through the air of still higher fre- 
quencies which we are learning to generate and use, 
and which will be necessary for superhighways. 

Many of these limitations can be avoided by 
putting the high frequency waves inside pipes— 
that is, using waveguides for long distance trans- 
mission. This provides a shielded system, avoiding 
interference and sharing with other services, and 
permits the use of a nonabsorbing atmosphere. It 
has been found that one form, using the circular 
electric mode, has the unique theoretical property 
of decreasing attenuation with increasing fre- 
quency. Experiments have shown its validity, and 
the conditions for achieving this property. This 
appears to open vast new frequency areas, perhaps 
many times larger than the whole radio spectrum 
now in use, for communication applications. These 
waveguides have losses that are low enough for 
economical long distance service in the future. 
Like most new things, this medium does have dif- 
ficulties and problems to be overcome, and here is 
a challenge. Advances in the waveguide art, and 
in all of the associated microwave technology, are 
coming rapidly to help us, and more are needed. 

Considering the increasing importance of com- 
munication in our civilization, it is comforting to 
know that microwave theory and techniques hold 
the possibility of supplying communication super- 
highways when we need them. There is much work 
to be done, and the opportunities in research, de- 
velopment, installation, and maintenance give 
great promise for the future of our profession and 
all those connected with it. 
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Report of Advances in Microwave Theory 
and Techniques—1956* 


DONALD D. KINGt 


clude the transmission, control, and measure- 

ment of waves of centimeter or millimeter 
length. The methods applicable in this region differ 
sufficiently from those at lower frequency to constitute 
a rather well-defined discipline. This area is the subject 
of our review. Several subjects contiguous to the micro- 
wave domain are excluded. Thus, antenna and propaga- 
tion problems do not exhibit so clearcut a change with 
wavelength, and are mentioned only indirectly. The 
electronic aspects of microwave generators are also 
omitted, although much work on the circuits for these 
generators is necessarily included. 

The year 1956 in microwaves has been dominated 
by the continuing advance in the use of gyromagnetic 
media for circuit elements. What might be called the 
ferrite revolution is extending rapidly to embrace more 
and more useful devices for the control of microwaves. 
The host of new practical applications for ferrites has 
been accompanied by a corresponding advance in the 
basic physics of the solid state. The close community 
of interest of both physicists and engineers in the micro- 
wave properties of ferrites offers the best explanation 
for the intense and fruitful effort in this area during 
the year. 

Less spectacular but important advances are being 
made on certain types of waveguides and linear circuit 
elements for microwaves. Measurement techniques also 
show steady progress during the year. Traveling wave 
devices of various kinds remain the most active area 
of research in microwave active elements. However, 
interest in gas discharges appears to be increasing, and 
this field holds some promise of new microwave active 
elements. The smaller scale efforts in detectors and 
noise sources continue unabated. 

The general subjects mentioned above provide four 
broad headings under which the individual work is 
listed. These are: I. Ferrites, I]. Waveguides, III. Meas- 
urements, and IV. Sources and Detectors. These are 
now considered in turn. 


DM (rece the THEORY and techniques in- 


I. FERRITES 


Research in ferrites follows two complementary chan- 
nels: the study of ferrite materials, and the investiga- 
tion of circuit elements using ferrites. In the early de- 
velopments, these two aspects often could not be dis- 
tinguished, since special circuit elements were needed 
to study the new materials. At least the more obvious 


* Manuscript received by the PGMTT, January 25, 1957. 
¢ Electronic Communications, Inc., Baltimore 18, Md. 


circuit elements have now been realized, and in some 
instances have already become standard items. Progress 
in ferrite circuit elements continues at a rapid pace, 
and enjoys the advantage of many standardized ferrite 
materials. The need for improvement in these ferrites 
is basic to much of the future development of the field, 
and occupies the first place in this review. Following 
the review of materials and their properties in wave- 
guides, the various special circuit elements utilizing 
ferrites are taken up. 

The work being considered is confined to published 
papers which may be generally accessible to others ac- 
tive in the field. However, two important conferences 
must be mentioned in connection with ferrites. The first 
of these was held in Cambridge, Mass. on April 2-4, 
1956. The papers presented at this meeting provided 
the most complete and unified coverage of the ferrite 
field to date; they included both tutorial discussions of 
basic theory, and detailed papers on various special ap- 
plications. These papers have since been published and 
are included in the bibliography wherever applicable. 

Another conference on ferrites took place in London 
on October 29—November 2, 1956. Many important 
contributions were made at this conference which have 
not yet appeared in print. A few of these papers are 
incorporated into the bibliography to record their signifi- 
cant contribution. Many of these papers will be pub- 
lished in the Proceedings of the Institution of Electrical 
Engineers, part B during 1957. 

The success of these two conferences, both in terms 
of important scientific contributions, and in numbers 
of interested technical people attending, is a measure of 
the vitality of ferrite research throughout the world. 


Properties of Ferrite Materials 


No single figure of merit describes the quality of a 
given ferrite for all circuit applications. Important 
properties which must be considered are: 


1) Tensor susceptibility. 

2) Dielectric constant. 

3) Ferromagnetic resonance linewidth. 
4) Curie temperature. 

5) Saturation magnetization. 


For the circuit designer, the tensor susceptibility 
and dielectric constant, both complex, specify the elec- 
trical performance. The frequency dependence of the 
former limits the bandwidth of many ferrite devices. 
In particular, the magnetic loss at low frequency con- 
stitutes a basic limitation of present materials. Except 
for certain resonance devices, a narrow resonance line- 
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width is also desirable. At present, the dielectric con- 
stant and loss are not a major limitation on ferrite per- 
formance. However, changes in ferrite composition or 
extension to higher frequencies may alter the situation. 

At the Curie temperature, the saturation magnetiza- 
tion vanishes, and the ferrite properties disappear. This 
places an absolute limit on the operating temperature, 
and hence generally on the power handling capacity. 

The basic theory of ferrites has been described in 
considerable detail by theoretical physicists in papers 
intended to provide the foundation for engineering ap- 
plications. 


{1] J. H. Van Vleck, “Fundamental theory of ferro- and ferri- 
magnetism,” Proc. IRE, vol. 44, pp. 1248-1258; October, 1956. 

[2] N. Bloembergen, “Magnetic resonance in ferrites,” Proc. 
IRE, vol. 44, pp. 1259-1269; October, 1956 

[3] J. O. Artman, “Microwave resonance relations in anisotropic 
single crystal ferrites,” Proc. IRE, vol. 44, pp. 1284-1293; 
October, 1956. 

[4] G. T. Rado, “On the electromagnetic characterization of ferro- 
magnetic media: permeability tensors and spin wave equa- 
tions,” IRE Trans., vol. AP-4, pp. 512-525; July, 1956. 


A good start has been made at extending the analysis 
of ferrite behavior to high-signal levels. Important 
saturation effects exist on which considerable experi- 
mental data has been accumulated. 


[5] H. Suhl, “The nonlinear behavior of ferrites at high microwave 
signal levels,” Proc. IRE, vol. 44, pp. 1270-1283; October, 
1956. 

[6] N. G. Sakiotis, H. N. Chait, and M.L. Kales, “Nonlinearity of 
microwave ferrite media,” IRE TRrans., vol. AP-4, pp. 111-115; 
April, 1956. 


In the study of new ferrite materials, particular inter- 
est has been attracted to rare earth ferrites and to 
hexagonal crystal structures. 


[7] F. Bertaut, “Structure of the ferrimagnetic ferrites of the rare 
earths,” Compt. Rend. Acad. Sci. Paris, vol. 242, p. 282; 
April, 1956. 

[8] F. Bertaut and R. Pauthenet, “Crystalline structure and mag- 

netic properties of ferrites having the general formula 5 FexO;— 

3M,03;,” presented at the Convention on Ferrites, October 29- 

November 2, 1956. 

E. W. Gorter, “Saturation magnetization of new ferrimagnetic 

oxides with hexagonal crystal structures,” presented at the 

Convention on Ferrites, October 29-November 2, 1956. 

{10] P. B. Braun, G. H. Jonker, and H. P. J. Wijn, “A new class of 
oxidic ferromagnetic materials with hexagonal crystal struc- 
tures,” presented at the Convention on Ferrites, October 29- 
November 2, 1956. 


[9 


—d 


A few additional materials which have been examined 
in some detail are the following: 


{11] L. G. Van Uitert, “Nickel copper ferrites for microwave appli- 
cations,” J. Appl. Phys., vol. 27, pp. 723-727; July, 1956. 

[12] P. E. Tannenwald and M. H. Seavey, “Anisotropy of cobalt- 
substituted Mn ferrite single crystals,” Proc. IRE, vol. 44, 
pp. 1343-1344; October, 1956. 

[13] F. Mayer, “Study of magnetic rotatory polarization in copper 
ferrite at 10 kmc/s,” Compt. Rend. Acad. Sci. Paris, vol. 242, 
pp. 81-83; January, 1956. 


Permeability and dielectric properties of ferrites have 
been determined by a variety of methods and in con- 
siderable detail. 


[14] E. B. Mullen and E. R. Carlson, “Permeability tensor values 
from waveguide measurements,” Proc. IRE, vol. 44, pp. 1318- 
1322; October, 1956. 

[15] E. G. Spencer, L. S. Ault, and R. C. LeCraw, “Intrinsic tensor 
permeabilities on ferrite rods, spheres, and disks,” Proc. IRE, 
vol. 44, pp. 1311-1317; October, 1956. 
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[16] R. C. LeCraw and E, G. Spencer, “Tensor permeabilities of 
ferrites below magnetic saturation,” 1956 IRE CONVENTION 
Recorp, Part 5, pp. 66-74. 

[17] E. G. Spencer, R. C. LeCraw, and F. Reggia, “Measurement of 
microwave dielectric constants and tensor permeabilities of 
ferrite spheres,” Proc. IRE, vol. 44, pp. 790-800; June, 1956. 

[18] L. G. Van Uitert, “Dielectric properties of and conductivity 
in ferrites,” Proc. IRE, vol. 44, pp. 1294-1302; October, 1956. 

[19] S. Sensiper, “Resonance loss properties of ferrites in 9 kmc 
region,” Proc. IRE, vol. 44, pp. 1323-1342; October, 1956. 


The preparation and chemical aspects of ferrites have 
been discussed in a paper which in many respects is 
basic to all ferrite applications. 


[20] D. L. Fresh, “Methods of preparation and crystal chemistry 
of ferrites,” Proc. IRE, vol. 44, pp. 1303-1310; October, 1956. 


Wave Propagation in Ferrites 


Microwave applications inevitably involve the propa- 
gation of EM waves in ferrite materials. Here, the bound- 
ary conditions assumed are of paramount importance. 
Circular waveguide is perhaps the most common and 
useful configuration. For more complicated geometries, 
the mathematical complications become formidable. 
In spite of this, some progress has been made, both by 
approximation and by numerical solution. 

Several reviews of the general problem have appeared 
which serve well to put the various problems in per- 
spective. 


[21] P. S. Epstein, “Theory of wave propagation in a gyromagnetic 
medium,” Rev. Mod. Phys., vol. 28, pp. 3-17; January, 1956. 

[22] M. L. Kales, “Topics in guided-wave propagation in magnet- 
ized ferrites,” Proc. IRE, vol. 44, pp. 1403-1409; October, 
1956. 

{23] G. H. B. Thompson, “Ferrites in waveguides,” J. Brit. IRE, vol. 
16, pp. 311-328; June, 1956. 


Papers dealing with more specific waveguide cross 
sections containing ferrites include the following. 


[24] L. R. Walker and H. Suhl, “Propagation in circular waveguides 
filled with gyromagnetic material,” IRE Trans., vol. AP-4, 
pp. 492-494; July, 1956. 

[25] J. L. Melchor, W. P. Ayers, and P. H. Vartanian, “Energy 
concentration effects in ferrite loaded wave guides,” J. Appl. 
Phys., vol. 27, pp. 72-77; January, 1956. 

[26] A. A. van Trier, “Some topics in the microwave application of 
Seuonie media,” IRE Trans., vol. AP-4, pp. 502-507; July, 


[27] N. Karayianis and J. C. Cacheris, “Birefringence of ferrites in 
circular waveguides,” Proc. IRE, vol. 44, pp. 1414-1420; 
October, 1956. 

[28] K. J. Button and Benjamin Lax, “Theory of ferrites in rectangu- 
usu IRE Trans., vol. AP-4, pp. 531-537; July, 


1956. 
[29] H. Seidel, “Anomalous propagation in ferrite-loaded wave- 
guide,” Proc. IRE, vol. 44, pp. 1410-1413; October, 1956. 
[30] P. H. Vartanian and E. T. Jaynes, “Propagation in ferrite- 
filled transversely magnetized waveguide,” IRE TRans., vol. 
___ MTT-4, pp. 140-143; July, 1956. 
[31] B. J. Duncan and L. Swern, “Temperature behavior of ferri- 
magnetic resonance in ferrites located in waveguide,” J. Appl. 
Phys., vol. 27, pp. 209-215; March, 1956. 


More general boundary conditions have also been 
treated, including an experimental study of radiation 
from ferrite-filled apertures. 


[32] J. Sontif-Guichard, “Calculation of the Faraday effect in a 
gyroparamagnetic medium,” Compt. Rend. Acad. Sci. Paris, 
vol. 242, pp. 1868-1871; April 9, 1956. 

[33] J. Sontif-Guichard, “Equation of circularly polarized waves in 
a gyroparamagnetic medium,” Compt. Rend. Acad. Sci. Paris, 
vol. 242, pp. 1418-1421; March, 1956. 

[34] D. J. Angelakos and M. M. Korman, “Radiation from ferrite- 
tyes apertures,” Proc. IRE, vol. 44, pp. 1463-1467; October, 
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Isolators 


The component which makes the most obvious use of 
nonreciprocal ferrite properties is the isolator. It is 
probably the most outstanding ferrite component, since 
it offers properties which cannot be attained at all with 
linear elements, and does so with elegance and dispatch. 

The general configuration of isolators and other ferrite 
circuit elements involves a section of waveguide par- 
tially filled with ferrite material of a particular shape. 
For most circuit elements, the distribution of ferrite is 
uniform along the direction of propagation. The prop- 
erties of these ferrite devices have been reviewed in 
several papers covering both the basic theory and the 
generally attainable performance at the present time. 


[35] C. L. Hogan, “The elements of nonreciprocal microwave de- 
vices,” Proc. IRE, vol. 44, pp. 1345-1367; October, 1956. 

[36] B. Lax, “Frequency and loss characteristics of microwave 
ferrite devices,” Proc. IRE, vol. 44, pp. 1368-1385; October, 


1956. 

[37] G. S. Heller, “Ferrites as microwave circuit elements,” Proc. 
IRE, vol. 44, pp. 1386-1393; October, 1956. 

[38] C. L. Hogan, “The low-frequency problem in the design of 
microwave gyrators and associated elements,” IRE TRANS., 
vol. AP-4, pp. 495-501; July, 1956. 


An important contribution to the analysis of such 
elements has been the introduction of matrix methods 
for the solution of transverse propagation character- 
istics. This type of analysis holds promise for a number 
of waveguide types. 


[39] J. H. Rowen, “A novel approach to the analysis of ferrite- 
loaded waveguide structures,” presented at the London Con- 
vention on Ferrites, October 29-November 2, 1956. 


An example of the possibilities for ferrite isolators in 
strip line was also given earlier in the year. 


[40] L. Lewin, “A resonant absorption isolator in microstrip for 
4 kmc/s,” presented at the London Convention on Ferrites, 
October 29—November 2, 1956. 

[41] O. A. Fix, “A balanced stripline isolator,” 1956 IRE ConvEn- 
TION RECORD, Part 5, pp. 99-105. 


A large number of papers has appeared on various 
isolator designs. In many of these considerable material 
of importance to the basic understanding of isolator 
operations is included, as well as specific information 
on a practical engineering design. 


[42] S. Weisbaum and H. Seidel, “The field displacement isolator,” 
Bell Sys. Tech. J., vol. 35, pp. 877-898; July, 1956. 

[43] S. Weisbaum and H. Boyet, “A double-slab ferrite field displace- 
ment isolator at 11 kmc,” Proc. IRE, vol. 44, pp. 554-555; 
April, 1956. 

[44] M. ©. Weiss, “Improved rectangular waveguide resonance 
isolators,” IRE Trans., vol. MTT-4, pp. 240-243; October, 
1956. 

[45] P. H. Vartanian, J. L. Melchor, and W. P. Ayres, “Broadband 
ferrite microwave isolator,” IRE Trans., vol. MTT-4, pp. 
8-13; January, 1956. 

[46] P. H. Vartanian, J. L. Melchor, and W. P. Ayres, “Broad- 
banding ferrite microwave isolators,” 1956 IRE CONVENTION 
ReEcorD, Part 5, pp. 79-83. 

[47] A. Langley Morris, “The 45° rotation ferrite isolator,” pre- 
sented at the London Convention on Ferrites, October 29- 
November 2, 1956. 

[48] R. F. Sullivan, “A miniaturized high temperature isolator,” 
1956 IRE CONVENTION RECORD, Part 5, pp. 75-78 

[49] W. Eichin, “A unidirectional attenuator with delay line and 
ferrite element for the 4-kmc/s frequency band,” Nachrich- 
tentech Z., vol. 9, pp. 168-172; April, 1956. 

[50] B. N. Enander, “A new ferrite isolator,” Proc. IRE, vol. 44, 
pp. 1421-1430; October, 1956. 
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Modulators 


Control of attenuation by means of the external 
magnetic field is easily achieved in ferrite devices. The 
resulting possibilities for modulation and gain control 
are very attractive. A number of papers have reported 
successful devices of this type. 


[51] P. Fire and P. H. Vartanian, “An amplitude regulator for 
microwave signal sources,” 1956 IRE CONVENTION RECORD, 
Part 5, pp. 166-171. 

[52] W. W. H. Clarke, W. M. Searle, and F. T. Vail, “A ferrite micro- 
wave modulator employing feedback,” Proc. IEE, vol. 103, Part 
B, pp. 485-490; July, 1956. 

[53] J. C. Cacheris and H. A. Dropkin, “Compact microwave single- 
sideband modulator using ferrites,” IRE Trans., vol. MTT-4, 
pp. 152-155; July, 1956. 

[54] H. G. Beljers, “Amplitude modulation of centimetre waves by 
means Of ferroxcube,” Philips Tech. Rev., vol. 18, pp. 82-86; 
September, 1956. 

[55] J. P. Vinding, “Automatic gain control system for micro- 
waves,” IRE Trans., vol. MTT-4, pp. 244-245; October, 1956. 


Frequency modulation is also possible by means of 
cavity tuning. An example of this has been given. 


[56] G. R. Jones, J. C. Cacheris, and C. A. Morrison, “Magnetic 
tuning of resonant cavities and wideband frequency modulation 
of klystrons,” Proc. IRE, vol. 44, pp. 1431-1438; October, 
1956. 


A rather different action, namely frequency doubling, 
has also been obtained in ferrites. Although not modula- 
tion in the usual sense, this important effect is listed 
here for want of a better heading. 


[57] W. P. Ayres, P. H. Vartanian, and J. L. Melchor, “Frequency 
doubling in ferrites,” J. Appl. Phys., vol. 27, pp. 188-189; 
February, 1956. 


Circulators and Directional Couplers 


A circulator may be defined as a device in which ener- 
gy is transferred from port to port without amplitude 
change. Phase shifts may be tolerated, and energy 
need not return from a port by the same path as it 
came to that port. Such a device in nonreciprocal form 
is only practicable with ferrite elements. The network 
properties of circulators have been analyzed very ef- 
fectively in terms of group theory and topology. In 
terms of the former, a circulator is defined as a device 
whose scattering matrix operates on the incident volt- 
ages so as to produce the same result as the operation of 
a cyclic substitution. In the language of topology, a 
circulator is any structure which may be represented by 
an “oriented 1-circuit.” 

With the aid of these concepts, possible symmetries 
for circulators can be specified, and rules for determining 
the results of complicated interconnections of circula- 
tors can be set up. 


[58] Milton A. Treuhaft, “Network properties of circulators based 
on the scattering concept.” Proc. IRE, vol. 44, pp. 1394-1402; 
October, 1956. 


Several circulator schemes have been developed with 
widely differing physical arrangements. 


[59] E. A. Ohm, “A broad-band microwave circulator,” IRE TRANs., 
vol. MTT-4, pp. 210-217; October, 1956. 

[60] P. J. Allen, “The turnstile circulator,” IRE TRans., vol. 
MTT-4, pp. 223-227; October, 1956. 
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the 
scattering from a ferrite post has also been developed. 


A directional coupler based on nonreciprocal 


This device is closely related to circulators. 


[61] A. D. Berk and E. Strumwasser, “Ferrite directional couplers,” 
Proc. IRE, vol. 44, pp. 1439-1445; October, 1956. 


Phase Shifters 


The differential phase shifts which underlie the opera- 
tion of the ferrite devices mentioned so far may be used 
explicitly in phase shifters. Both reciprocal and non- 
reciprocal types are possible, and offer new possibilities 
in electrical control of transmission characteristics over 
broad bands. 


[62] S. Weisbaum and H. Boyet, “Broad-band nonreciprocal phase 
shifts—analysis of two ferrite slabs in rectangular waveguide,” 
J. Appl. Phys., vol. 27, pp. 519-524; May, 1956. 

[63] H. Scharfman, “Three new ferrite phase shifters, 
vol. 44, pp. 1456-1459; October, 1956, 

[64] H. N. Chait and N. C. Sakiotis, “The design of nonreciprocal 
ee shift sections,” 1956 IRE CONVENTION RECORD, Part 5, 

. 98-65. 

[65] R F, Sookov, “Ferrite microwave phase shifters,” 1956 IRE 

CONVENTION RECORD, Part 5, pp. 84-98. 


” Proc. IRE, 


Filters 


The insertion of a ferrite post into a resonant cavity 
permits electrical tuning over a considerable bandwidth. 
The basic theory of a ferrite post in a section of wave- 
guide has been analyzed in general terms and applied 
to this problem. 


[66] P. S. Epstein and A. D. Berk, “Ferrite post in a rectangular 
waveguide,” J. Appl. Phys., vol. 27, pp. 1328-1334; November, 
1956. 

Several specific filter designs and their capabilities 
have been described during the year. These are evi- 
dently the forerunners of a family of devices for electri- 
cal frequency control over the entire microwave spec- 
trum. 


[67] C. E. Fay, “Ferrite-tuned resonant cavities,” Proc. IRE, vol. 
44, pp. 1446-1448; October, 1956. 

[68] C. E. Nelson, “Ferrite-tunable microwave cavities and the 
introduction of a new reflectionless, tunable microwave filter,” 
Proc. IRE, vol. 44, pp. 1449-1455; October, 1956. 

[69] James H. Burgess, “Ferrite-tunable filter for use in S-band,” 
Proc. IRE, vol. 44, pp. 1460-1462; October, 1956. 

After reviewing the ferrite contributions in the various 
areas of development, it appears that not only new ele- 
ments are being created: operations which have been 
successfully performed by linear elements are being 
accomplished with ferrites to considerable advantage. 
It may not be too extravagant a prediction to state 
that within a few years most microwave circuit elements 
will rely on ferrites in one way or another. 


II. WAVEGUIDES 


The bandwidth and attenuation requirements for 
waveguides are becoming increasingly severe. As a 
result, strong effects are underway to improve the per- 
formance of TEM lines, whose bandwidth is inherently 
greater than that of hollow guides. Where allowable 
transmission loss does not permit the use of such lines, 
extremely high frequencies and precise mode control 
must be relied on to produce adequate bandwidth and 
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April 


attenuation characteristics. The trend to broad-band 
systems increases the importance of filters, transformers, 
and other elements suitable for separating and control- 
ling various portions of the spectrum being transmitted. 
Most of the published work on waveguides is concerned 
with these aspects of the field. 


TEM Lines 


As in previous years, various types of strip or planar 
lines are being developed as compact broad-band trans- 
mission systems. Refinements in characteristic imped- 
ance determination are the principal contribution 
being made. 


[70] Roy Ete Bates, “The characteristic impedance of the shielded 
slab line,” IRE Trans., vol. MTT-4, pp. 28-33; January, 1956. 

[71] R. M. Chisholm, “The characteristic impedance of trough and 
slab lines,” IRE TRANS., vol. MTT-4, pp. 166-172; July, 1956. 

[72] J.-M C= Dukes, =An investigation into some fundamental 
properties of strip transmission lines with the aid of an electro- 
lytic tank,” Proc. IEE, vol. 103, Part B, pp. 319-333; May, 
1956. 

An important application of TEM lines is coupling 
to various types of radiators. Here, a better understand- 
ing of both strip and coaxial line coupling has been 
achieved. 


[73] A. D. Frost, C. R. McGeoch, and C. R. Mingins, “The excita- 
tion of surface waveguides and radiating slots by strip-circuit 
transmission lines,” IRE Trans., vol. MTT-4, pp. 218-223; 
October, 1956. 

[74] R. E. Collin, “The characteristic impedance of a slotted coaxial 
line,” IRE Trans., vol. MTT-4, pp. 4-8; January, 1956. 

Tapered TEM lines have long served as transform- 
ers. This subject, which received considerable attention 
in 1955, has been examined further. As a result, the vari- 
ous Fourier and Tchebycheff formulations have been 
brought more clearly into focus, and several useful, 
practical formulas and charts have been published. 


iS Ree Klopfenstein, “A transmission line taper of improved 
design,” Proc. IRE, vol. 44, pp. 31-35; January, 1956. 

[76] R.E. Collin, “The optimum tapered transmission line matching 
sae ” Proc. IRE, vol. 44, pp. 539-548; April, 1956. (Also 

. 1055; August, 1956.) 

[77] if Willis and N. K. Sinha, “Non-uniform transmission lines as 
impedance transformers,” Proc. IEE, vol. 103, Part B, pp. 166- 
172; March, 1956. 

{78] J. Willis and N. K. Sinha, “Impedance transformers,” Wireless 
Eng., vol. 33, pp. 204-208; September, 1956. 

[79] E. F. Bolinder, “Fourier transforms and tapered transmission 
lines,” Proc. IRE, vol. 44, p. 557; April, 1956. 


Hollow Waveguides 


The TEo: circular mode provides minimum theoreti- 
cal attenuation in hollow pipes. To achieve this, an 
ingenious helical guide has been developed: by replacing 
the cylindrical conductor of a circular waveguide with 
a helical coil of fine wire, only circular components of 
current can be supported. Consequently, only the TEo, 
type modes are sustained by the guide. Other modes 
penetrate the guide wall and are absorbed by a lossy 
outer coating. 

[80] S. P. Morgan and J. A. Young, “Helix waveguide,” Bell Sys. 
Tech. J., vol. 35, pp. 1347-1385; November, 1956. 

The problem of unwanted mode control in large 
guides is being attacked very effectively. By making 
the guide lossy for undesired modes, their amplitudes 
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are kept low; the interaction with the transmission 
mode is thereby reduced. Conversion to other modes 
occurs primarily in bends and discontinuities, hence 
particular attention must be concentrated here. 


[81] A. P. King and E. A. Marcutili, “Transmission loss due to 
resonance of converted modes,” Bell Sys. Tech. J., vol. 35, pp. 
899-906; July, 1956. 


Techniques for evaluating the performance of low- 
loss guide are now highly refined. The use of very short 
pulses for transmission is particularly effective. 


[82] A. P. King, “Observed 5-6 mm. attenuation for the circular 
electric wave in small and medium-sized pipes,” Bell Sys. Tech. 
J., vol. 35, pp. 1115-1128; September, 1956. 

[83] A. Sander, “The excitation and propagation of Eo, modes in a 
circular waveguide with coaxial lines at input and output,” 
Arch. Elekt. Ubertragung, vol. 10, pp. 77-85; March, 1956. 

[84] W. Schaffeld and H. Bayer, “Propagation of electromagnetic 
waves in circular waveguides with finite wall conductivity at 
frequencies near cut-off,” Arch. Elekt. Ubertragung, vol. 10, pp. 
89-97 ; March, 1956. 

esto] AS SS Beck, “Waveguide investigations with millimicrosecond 
pulses,” Bell Sys. Tech. J., vol. 35, pp. 35-66; January, 1956. 

[86] O. E. DeLange, “Experiments on the regeneration of binary 
microwave pulses,” Bell Sys. Tech. J., vol. 35, pp. 67-90; 
January, 1956. 


Several extensions of existing theory on circular guides 
complete the contributions noted on hollow waveguides. 


[87] A. D. Berk, “Variational principles for electromagnetic resona- 
tors and waveguides,” IRE Trans., vol. AP-4, pp. 104-111; 
April, 1956. 

[88] M. Handelsman, “The susceptance of a circular iris to the 
dominant TE: mode in circular waveguide,” 1956 IRE Con- 
VENTION RECORD, Part 5, pp. 133-140. 


Surface Waves and Periodic Structures 


Various structures have been used as surface wave- 
guides. Perhaps the simplest of these is the dielectric- 
coated wire. Coupling phenomenon for lines of this 
type have been studied. 

[89] D. Marcuse, “Investigation of the energy exchange and the 
field distribution for parallel surface-wave transmission lines,” 
Arch. Elekt. Ubertragung, vol. 10, pp. 117-124; March, 1956. 

A method for confining a wave between two strips 
with the aid of a small dielectric spacer has been de- 
scribed. The resulting structure has a cross section 
resembling the letter H, and offers very low attenuation 
for loosely-bound waves. 


[90] F. J. Tischer, “H-guide—a waveguide for microwaves,” 1956 


IRE ConvENTION RECORD, Part 5, pp. 44-47. 

The use of periodic structures as waveguides con- 
tinues to grow. The most generally useful of these is the 
helix. Several papers extend the theoretical treatment 
of this structure so common in traveling-wave tubes. 


[91] N. N. Smirnov, “Propagation of waves along an infinitely long 
helix,” Compt. Rend. Acad. Sci. U.R.S.S., vol. 108, pp. 243-246; 
May 11, 1956. 

[92] S. Kh. Kogan, “Theory of helical lines,” Compt. Rend. Acad. 
Sci. U.R.S.S., vol. 107, pp. 541-544; April, 1956. 

[93] C. P. Allen and G. M. Clarke, “Interpretation of wavelength 
measurements on tape helices, ” Proc. THE. Vvolel03seeart ©: 

pp. 171-176; March, 1956. 


When used to support the inner conductor of coaxial 
cables, the helix appears in a different role. The physical 
conditions needed to provide good support with a di- 
electric helix result in well defined stop bands at higher 
frequencies. 
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[94] J. W. E. Griemsmann, ‘ 
with helical dielectric support,’ 


13-23; January, 1956. 


“An approximate analysis of coaxial line 
” TRE Trans., vol. MTT-4, pp. 


Diaphragms or irises in tubes provide another com- 
mon method of obtaining relatively slow guided waves. 
Theoretical work continues here, with emphasis on 
formulating a more exact analysis for lossy structures 
and on representation for measurements. 


[95] E. G. Solov’ev, “Propagation of electromagnetic waves between 
two circular cylindrical surfaces in the presence of longitudinal, 
periodically spaced diaphragms,” Radiotekhnika Moscow, vol. 
11, pp. 57-60; January, 1956. 

[96] P. N. Butcher, “A new treatment of lossy periodic waveguides,” 
Proc. IEE, vol. 103, Part B, pp. 301-306; May, 1956. 

[97] R. L. Kyhl, “The use of non-Euclidean geometry in measure- 
ments of periodically loaded transmission lines,” IRE TRANS., 
vol. MTT-4, pp. 111-115; April, 1956. 


The use of current sheets to provide slow guided 


waves has also been proposed. 


[98] F. Berteinand W. Chahid, “Production of slow electromagnetic 
waves by means of cylindrical current sheets,” Compt. Rend. 
Acad. Sci. Paris, vol. 242, pp. 2918-2920; June 18, 1956. 


The launching of surface waves over corrugated or 
dielectric coated surfaces is being accomplished with 
surprising efficiency with dipole radiators. Calculations 
based on Sommerfeld’s integrals and comparative meas- 
urements on smooth and reactive surfaces confirm 
efficiencies up to 80 per cent for the radially symmetric 
surface wave. 


[99] W. M. G. Fernando and H. E. M. Barlow, “An investigation of 
the properties of radial cylindrical surface waves launched 


over flat reactive surfaces,” Proc. IEE, vol. 103, Part B, pp. 
307-318; May, 1956. 


The theoretical treatment of propagation in periodic 
structures is facilitated by considering an infinite medi- 

m. A number of interesting periodic structures can 
then be studied with a view to obtaining a quantitative 
understanding of their propagation characteristics. 


{100} R. I. Primich, “A semi-infinite array of parallel metallic 
plates of finite thickness for microwave systems,” IRE TRANS., 
vol. MTT-4, pp. 156-166; July, 1956. 

[101] Z.A. Kaprielian, “Electromagnetic transmission characteristics 
of a lattice of infinitely long conducting cylinders,” J. Appl. 
Phys., vol. 27, pp. 1491-1502; December, 1956. 

{102] H. T. Ward, W. D. Puro, and D. M. Bowie, “Artificial dielec- 
trics utilizing cylindrical and spherical voids,” Proc. IRE, vol. 
44, pp. 171-175; February, 1956. 

[103] I. Kay and H. E. Moses, “Reflectionless transmission dielec- 
trics and scattering potentials, ” J. Appl. Phys., vol. 27, pp. 
1503-1508; December, 1956. 

[104] Ya. N. Fel’d, “Paired systems of infinite linear algebraic 
equations, linked with infinite periodic structures,” Compt. 
Rend. Acad. Sct. U.R.S.S., vol. 106, pp. 215-218; January, 1956. 


Filters 


The impact of Striplines on microwave filter design 
has been very significant. The possibilities of filters 
using multiple combinations of Stripline elements are 
surprisingly great. In addition to providing flexible 
filter elements, the Stripline components are easily de- 
signed and built. Several papers have dealt rather ex- 
tensively with this subject; practical designs as well as 
the theory are tabulated and discussed. 


[105] S. B. Cohn and F. S. Coale, “Directional channel-separation 
filters,” Proc. IRE, vol. 44, pp. 1018-1024; August, 1956. 

[106] E. H. Bradley, “Design and development of stripline filters,” 
IRE Trans., vol. MTT-4, pp. 86-93; April, 1956. 
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Waveguide filters are the subject of a number of 
papers. Several new ideas have been advanced, including 
the use of circular polarization and symmetry to in- 
crease power capability and efficiency at constant input 
resistance. 


107] R. W. Klopfenstein and J. Epstein, “The polarguide—a con- 
stant resistance waveguide filter,” Proc. IRE, vol. 44, pp. 210- 
218; February, 1956. 

108] E. M. T. Jones, “Synthesis of wide-band microwave filters to 
have prescribed insertion loss,” 1956 IRE CONVENTION 
RECORD, Part 5, pp. 119-128. 

109] P. A. Rizzi, “Microwave filters utilizing the cut-off effect,” 
IRE Trans., vol. MTT-4, pp. 36-40; January, 1956. 

[110] M. H. N. Potok, “Waveguide filters,” Wireless Eng., vol. 33, 
pp. 79-82; April, 1956. 

[111] G. Craven and L. Lewin, “Design of microwave filters with 

quarter-wave couplings,” Proc. IEE, vol. 103, Part B, pp. 173- 

177; March, 1956. 


Two new tunable filters have been described. One of 
these uses two crossed modes in a square-cylinder 
resonator. A double tuned response is thereby obtained 
with only a single resonator. The second device is elec- 
trically tunable over a 10:1 frequency range starting 
at 600 mc. The paramagnetic resonance of hydrazyl 
provides the tuning element. 


{112] N. A. Spencer, “Crossed-mode tunable selector for micro- 
waves,” 1956 IRE CONVENTION REcorRD, Part 5, pp. 129-132. 

{113] P. H. Vartanian and J. L. Melchor, “Broad-band microwave 
frequency meter,” Proc. IRE, vol. 44, pp. 175-178; February, 
1956. 


A microwave filter has been developed which relies 
on a traveling-wave resonance rather than the con- 
ventional standing wave. A closed transmission line 
loop supports the traveling wave. Two directional 
couplers provide coupling to four output terminal pairs. 
The device is a constant resistance circuit with very 
low input standing-wave ratio. The traveling-wave filter 
seems particularly well-suited to multiplexing applica- 
tions because of its terminal arrangement and low re- 
flection. 


[114] F. S. Coale, “A traveling-wave directional filter,” IRE TRANs., 
vol. MTT-4, pp. 256-260; October, 1956. 


Directional Couplers and Junctions 


Directional couplers are easily realized in Striplines. 
Because of the simple structures involved, tuned ele- 
ments can be combined easily with directional coupling 
to yield a variety of useful response patterns. 


{115] E. M. T. Jones and J. T. Bolljahn, “Coupled-strip-transmis- 
sion-line filters and directional couplers,” IRE TrRans., vol. 
MTT-4, pp. 75-81; April, 1956. 

Lumped-element couplers for lower frequencies have 
been reviewed and new data provided. 


[116] P. Lombardini, R. F. Schwartz, and P. J. Kelly, “Criteria for 
the design of loop-tvpe directional couplers for the L band,” 
IRE Trans. vol. MTT-4, pp. 234-239; October, 1956. 


The recently developed finline circuits offer interest- 
ing possibilities in a variety of functions. Directional 
couplers, twists, bends, and hybrid junctions have been 
described for use with hollow waveguide carrying one 
or several modes. 


{117] S. D. Robertson, “Recent advances in finline circuits,” IRE 
Trans., vol. MTT-4, pp. 263-267; October, 1956. 
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Several papers have appeared on waveguide junctions 
and the systematic representation of their properties. 


[118] R. S. Potter, “A trimode turnstile waveguide junction,” 1956 
IRE CoNVENTION RECORD, Part 5, pp. 3 

[119] J. A. Ortusi, “The amplitude concept of an electromagnetic 
wave and its application to junction problems in waveguides,” 
IRE Trans. vol. AP-4, pp. 156-162; April, 1956. 

[120] P. A. Loth, “Recent advances in waveguide hybrid junctions,” 
IRE Trans., vol. MTT-4, pp. 268-271; October, 1956. 

[121] J. Reed and G. J. Wheeler, “A method of analysis of symmetri- 
cal four-port networks,” IRE Trans., vol. MTT-4, pp. 246- 
252; October, 1956. 

From the point of view of fabrication, waveguide 
junctions are often clumsy and space-consuming. An 
interesting scheme of construction has been proposed 
in which guides are arranged in a single plane with 
adjacent walls common. Considerable simplification in 
construction results from this arrangement. 

{122] L. Lewin, “Miniaturization of microwave assemblies,” IRE 
Trans., vol. MTT-4, pp. 261—262; October, 1956. 

A variety of articles on transitions and joints have 
appeared during the year. One of the most interesting 
of these is an annular rotary joint with coupling through 
an array of slots forming an extended directional coup- 
ler between two waveguide rings. 

[123] K. Tomiyasu, “A new annular waveguide rotary joint,” Proc. 
IRE, vol. 44, pp. 548-553; April, 1956. 

A somewhat related device is the serrated choke pro- 

posed by the same author for broad-band applications. 


[124] K. Tomiyasu and J. J. Bolus, “Characteristics of a new ser- 
rated choke,” IRE Trans., vol. MTT-4, pp. 33-36; January, 
1956. 

Another ingenious device is a high-speed phase shifter 
utilizing circular polarization and rotating helical coup- 
ling units. 

[125] W. Sichak and D. J. Levine, “Microwave high-speed continu- 
ous phase shifter,” Elec. Communication, vol. 33, pp. 224-227; 
September, 1956. 

Several transitions and a switching tee complete the 
circuit elements noted in this review. 

{126] R. D. Tompkins, “A broad-band dual-mode circular waveguide 
transducer,” IRE Trans., vol. MTT-4, pp. 181-183; July, 
956. 


[127] F. Mayer, “Transitions from the TE; mode in a rectangular 
waveguide to the TE; mode in a circular waveguide,” J. Phys. 
ake vol. 17, Suppl. 3 Phys. Appl., pp. 52A-53A; March, 
1956. 

[128] R. L. Fogel, “An orthogonal mode transducer,” 1956 IRE 
CONVENTION RECORD, Part 5, pp. 53-57. 

[129] J. W. E. Griemsmann and S. S. Kasai, “Broad-band waveguide 
series T for switching,” IRE Trans., vol. MTT-4, pp. 252-255; 
October, 1956. 

As can be seen from the papers listed, the designers 
of waveguides and linear circuit elements have been 


both active and ingenious during 1956. 


II]. MEASUREMENTS 


Progress in measurements for the most part reflects 
a continuing refinement and extension of proven tech- 
niques. However, some basically new approaches have 
appeared during the year, both in technique and repre- 
sentation. The impact of advances in solid-state physics 
are now beginning to be felt in the measurements field; 
in future years, this influence will undoubtedly grow. 
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Impedance Measurements 


The techniques of impedance measurements rest on 
long-established foundations. As can be seen from their 
titles, the papers in this field belong largely in the cate- 
gory of reports on refinements and extensions of the 
art. 


[130] A. C. MacPherson and D. M. Kerns, “A new technique for the 
measurement of microwave standing wave ratios,” Proc. IRE, 
vol. 44, pp. 1024-1030; August, 1956. 

{131] E. E. Conrad, C. S. Porter, N. J. Doctor, and P. J. Franklin, 
“Extension of the ‘thin-sample method’ for measurement of 
initial complex permeability and permittivity,” J. Appl. Phys., 
vol. 27, pp. 346-350; April, 1956. 

{132] H.L. Bachman, “Automatic plotter for waveguide impedance,” 
Electronics, vol. 29, pp. 184-187; March, 1956. 

{133] J. P. Vinding, “The Z-Scope, an automatic impedance plotter,” 
1956 IRE CoNVENTION REcorD, Part 5, pp. 178-183. 

{134] W. R. Thurston, “A transadmittance meter for vhf-uhf 
measurements,” 1956 IRE CoNvENTION RECORD, Part 5, pp. 


{135] M. M. Zimet and S. Friedman, “Measurement of electron 
tube admittance matrix parameters at ultra high frequencies,” 
1956 IRE CoNvVENTION RECorD, Part 5, pp. 8-14. 

[136] C. Polk, “Standing-wave ratio of inaccessible load,” Comm. and 
Elect., No. 23, pp. 9-11; March, 1956. 

[137] D. M. Bowie and K. S. Kelleher, “Rapid measurement of 
dielectric constant and loss tangent,” IRE TRAns., vol. MTT-4, 
pp. 137-140; July, 1956. 


Power Measurement 


In the domain of power measurement, the Hall effect 
has been put to use for microwave power measurement. 
By mounting 1-type germanium in a slot-excited cavity, 
sufficient magnetic field at 4000 mc was obtained to 
give about 5 wv/watt Hall output. The resulting direc- 
tional wattmeter offers great promise as a sensitive 
power indicator. 


{138] H. E. M. Barlow and L. M. Stephenson, “The Hall effect and 
its application to power measurement at microwave frequen- 
cies,” Proc. IEE, vol. 103, Part B, pp. 110-112; January, 1956. 
(Also Monograph No. 191R, August, 1956.) 

Two other wattmeters of novel design have also 


been described. 


{139] R. A. Bailey “A resonant cavity torque-operated wattmeter 
for microwave power,” Proc. IEE, vol. 103, Part C, pp. 59-63; 
March, 1956. 

[140] J. A. Lane, “A film radiometer for centimetre wavelengths,” 
Nature, Lond., vol. 177, p. 392; February 25, 1956. 


Four-Pole Methods 


Determination of the properties of a four-pole can be 
achieved by several elegant methods. The mathematical 
representation of four poles is particularly important 
to the measuring procedure, and hence is included at 
this point in the review. One of the most interesting 
advances in this area has been a proposed representation 
for nonreciprocal two-ports. A modified Wheeler form 
is used in which the nonreciprocal properties appear in 
two bilaterally matched elements: a one-way phase- 
shifter and a one-way attenuator. 


[141] H. M. Altschuler and W. K. Kahn, “Nonreciprocal two-ports 
represented by modified Wheeler networks,” IRE Trans., vol. 
MTT-4, pp. 228-233; October, 1956. 

Graphical representations of four-poles by various 
formalisms have been extended by a number of investi- 
gators. 
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{142] F. L. Wentworth and D. R. Barthel, “A simplified calibration 
of two-port transmission line devices,” IRE Trans., vol. MTT- 
4, pp. 173-175; July, 1956. 

[143] H. F. Mathis, “Some properties of image circles,” [RE TRANS., 
vol. MTT-4, pp. 48-50; January, 1956. 

[144] E. F. Bolinder, “Impedance and polarization ratio transforma- 
tions by a graphical method using isometric circles,” IRE 
Trans., vol. MTT-4, pp. 176-180; July, 1956. 

[145] H. Schering, “The mean geometrical distances of a circle,” 
Elektrotech. Z., Edn. A, vol. 77, pp. 12-13, January, 1956. 


Resonators and Related Measurements 


Cavity resonators are an important tool for many 
microwave measurements. Perhaps the most direct 
application of cavity techniques is in the measurement 
of dielectric and magnetic properties of materials. 
Several papers have appeared describing improvements 
and extensions of these techniques to new materials 
and geometries. 


[146] S. Saito and K. Kurokawa, “A precision resonance method for 
measuring dielectric properties of low-loss solid materials in 
the microwave region,” Proc. IRE, vol. 44, pp. 35-42; January, 


1956. 

[147] R. A. Waldron, “Ferrites in resonant cavities,” Brit. J. Appl. 
Phys., vol. 7, p. 114; March, 1956. 

[148] V. L. Patrushev, “Calculation of the natural frequency for a 
single reentrant cavity partly filled with an absorbing dielec- 
tric,” Compt. Rend. Acad. Sci. U.R.S.S., vol. 107, pp. 409-412; 
March 21, 1956. 

(149] J. G. Linhart, I. M. Templeton, and R. Dunsmuir, “A micro- 
wave resonant cavity method for measuring the resistivity of 
semi-conducting materials,” Brit. J. Appl. Phys., vol. 7, pp. 
36-38; January, 1956. 

[150] F. Gross, “Temperature dependence of loss angle and dielectric 
constant of solid insulating materials in the 4 kmc/s range,” 
Nachrichtentech. Z., vol. 9, pp. 124-128; March, 1956. 

[151] R. Servant and J. Gougeon, “Birefringence and rectilinear 

dichroism of paper at 9350 mc/s,” Compt. Rend. Acad. Sci. 

Paris, vol. 242, pp. 2318-2320; May 7, 1956. 

I. Bady, “Measurement of the complex dielectric constant of 

materials from 100 to 1200 mc over a wide range of tempera- 

ture,” 1956 IRE CoNvVENTION ReEcorpD, Part 5, pp. 172-177. 


[152 


The cavity itself remains an object of interest for 
several investigators. 


[153] G. Boudouris, “Spherical-frustrum cavities,” Ondé Elect., vol 
36, pp. 104-121; February, 1956. 

[154] H. Urbarz, “Measurement of the Q-factor of cavity resonators 
using a straight test line,” Nachrichtentech. Z., vol. 9, pp. 112- 
118; March, 1956. 

[155] U. Adelsberger, “The rod wavemeter for the frequency range 
180-80,000 mc/s—construction and measurement results,” 
Arch. Elect. Ubertragung, vol. 10, pp. 51-57; February, 1956. 

[156] J. R. G. Twisleton, “An X-band magnetron Q-measuring 
apparatus,” Proc. IEE, vol. 103, Part B, pp. 339-342; May, 
1956. 

[157] E. O. Bowers and C. W. Curtis, “A resonant cavity frequency 
duplexer,” 1956 IRE ConvENTION ReEcorD, Part 5, pp. 113- 
118. 

[158] C. Colani, “A simple microwave discriminator,” Frequensz, vol. 
10, pp. 25-26; January, 1956. 

[159] D. W. Fraser and E. G. Holmes, “Frequency control in the 300- 
1200 mc region,” Proc. IRE, vol. 44, pp. 1531-1541; Novem- 
ber, 1956. 


Optical techniques occupy a definite place at the up- 
per end of the microwave spectrum. Two papers of 
particular interest on spectroscopic methods complete 
the measurements portion of this review. 

[160] C. A. Burrus and W. Gordy, “Millimeter and submillimeter 
wave spectroscopy,” Phys. Rev., vol. 101, pp. 599-602; January 
15, 1956. 

[161] P. H. Sollom and J. Brown, “A centimetre-wave parallel-plate 


spectrometer,” Proc. IEE, vol. 103, Part B, pp. 419-428; May, 
1956. 
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IV. SouRCES AND DETECTORS 


The available sources and detectors determine the 
usable microwave spectrum. Of these, the former con- 
stitute the principal limitation today. Both traveling- 
wave devices, and more conventional klystrons, and 
magnetrons are being actively improved. In recent 
years, the primary effort has been concentrated on 
traveling-wave tubes of various types. This trend is 
continuing, both in improving existing types, and in 
the development of new principles of operation. 

Much original work is also underway in gas dis- 
charges and related problems in physical electronics 
with microwave applications. These include both oscil- 
lators and noise sources. The crystal diode remains 
preeminent in the detector field, but some potential 
competition may be in sight. 


Traveling-Wave Devices 


The characteristics of transverse current traveling- 
wave tubes have been studied both theoretically and 
experimentally. The most unusual feature of this type 
of tube is its Jarge signal behavior: output independent 
of input level over a 20-30 db range has been attained. 
This is attributed to the presence of many individual 
beam elements along the axis of the helix. Saturation 
for different power levels occurs at different positions 
along the helix. However, the particular beam element 
which saturates is immaterial to the output of the entire 
tube. Hence, a uniform limiting action over a wide 
range is achieved. 


[162] D. A. Dunn, W. A. Harman, L. M. Field, and G. S. Kino, 
“Theory of the transverse-current traveling-wave tube,” PRoc. 
IRE, vol. 44, pp. 879-887; July, 1956. 

[163] D. A. Dunn and W. A. Harman, “ An experimental transverse- 
current traveling-wave tube,” Proc. IRE, vol. 44, pp. 888-896; 
July, 1956. 


A different transverse type tube has been developed 
with novel focusing elements. Two flat helices confine 
an electron sheet between them. The helix elements are 
bifilar, and provide a steady periodic focusing field. 
The resulting tube appears well suited to low-noise 
amplification in the uhf region. 


[164] R. Adler, O. M. Kromhout, and P. A. Clavier, “Transverse- 
field traveling-wave tubes with periodic electrostatic focusing,” 
Proc. IRE, vol. 44, pp. 82-89; January, 1956. 


The Carcinotron continues in the forefront of micro- 
wave oscillators, as evidenced by the continuing studies 
on this configuration. 


{165] P. Palluel and A. K. Goldberger, “The O-type carcinotron 
tube,” Proc. IRE, vol. 44, pp. 333-345; March, 1956. 

{166] P. Palluel, “Recent developments of O-type carcinotrons,” 
Ondé Elect., vol. 36, pp. 318-335; April, 1956. 

[167] A. Bobenrieth and O. Cahen, “Travelling-wave valves for 4- 
cm waves: Research and development at the Centre National 
d’Etudes des Telecommunications,” Ondé Elect., vol. 36, pp. 
307-317; April, 1956. 


High power developments are also recorded. 


[168] W. W. Siekanowicz and F. Sterzer, “A developmental wide- 
band, 100-watt, 20 db S-band traveling-wave amplifier utilizing 
periodic permanent*magnets,” Proc. IRE, vol. 44, pp. 55-61; 
January, 1956. 
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[169] M. Chodorow and E. J. Nalor, “The design of high-power 
traveling-wave tubes,” Proc. IRE, vol. 44, pp. 649-659; May, 
1956. 

[170] J. P. Laico, H. L. McDowell, and C. R. Moster, “A medium 
power traveling-wave tube for 6000 me radio relay,” Bell Sys. 
Tech. J., vol. 35, pp. 1285-1346; November, 1956. 


A few circuit applications of traveling-wave tubes 
should also be mentioned. 


[171] P. D. Lacy, “Microwave spectrum synthesis with the traveling- 
wave tube,” 1956 IRE CONVENTION RECORD, Part 5, pp. 48-52. 

[172] N. Sawazaki and T. Honma, “New microwave repeater system 
using traveling-wave tubes,” Proc. IRE, vol. 44, pp. 19-24; 
January, 1956. 


Klystrons and Magnetrons 


The klystron has been the object of several investiga- 
tions. 


[173] I. L. Bershtein, “Fluctuation of oscillations of a klystron 
generator,” Compt. Rend. Acad. Sci. U.R.S.S., vol. 106, pp. 
453-456; January, 1956. 

[174] R. L. Belland M. Hillier, “An 8-mm klystron power oscillator,” 
Proc. IRE, vol. 44, pp. 1155-1159; September, 1956. 

{175] J. R. M. Vaughan, ‘‘Klystron modulators and Schlémilch 
series,” J. Electronics, vol. 1, pp. 430-438; January, 1956. 

[176] J. I. Davis, “Technique of pulsing low power reflex klystrons,” 
IRE Trans., vol. MTT-4, pp. 40-47; January, 1956. 

[177] Y. Matsuo, “Multi-beam velocity-type frequency multiplier,” 
Proc. IRE, vol. 44, pp. 101-106; January, 1956. 


Two papers of particular interest have appeared on 
circuit applications of klystrons and magnetrons. One 
deals with the use of precision quench frequencies to 
produce a series of standard frequencies from a klystron. 
The other presents a simplified theory of the long-lines 
effect in magnetrons. 


[178] N. Sawazaki and T. Honma, “A new microwave frequency 
standard by quenching oscillator control,” IRE TRawns., vol. 
MTT-4, pp. 116-121; April, 1956. 

[179] W. L. Pritchard, “Long-line effect and pulsed magnetrons,” 
IRE Trans., vol. MTT-4, pp. 97-110; April, 1956. 


Other Electronic Sources 


Plasma oscillations are an interesting potential source 
of microwaves. The immediate prospects for practical 
generators are dim. However, investigation continues 
actively, and all avenues have not yet been fully ex- 
plored. 


[180] M. A. Lampert, “Plasma oscillations at extremely high fre- 
quencies,” J. Appl. Phys., vol. 27, pp. 5-11; January, 1956. 

[181] F. Diamand, A. Gozzini, and T. Kahon, “Interaction of centi- 
meter waves with a plasma in the presence of magnetic field,” 
eas Rend. Acad. Sci. Paris., vol. 242, pp. 90-93; January, 

[182] D. Gabor, “Plasma oscillations,” IRE Trans. vol. AP-4, pp. 
526-530; July, 1956. 

[183] J. Corte and J. L. Delcroix, “Plasma oscillations and resonance 
frequencies ina magnetron in the Brillouin state,” Compt. Rend. 
Acad. Sct. Paris, vol. 242, pp. 57-90; January 4, 1956. 


Cerenkov radiation is another potential source of 


millimeter waves which is under study. 

[184] H. Lashinsky, “Cerenkov radiation from extended electron 
beams near a medium of complex index of refraction,” J. A ppl. 
Phys., vol. 27, pp. 631-635; June, 1956. 

[185] M. A. Lampert, “Incidence of an electromagnetic wave on a 


‘Cerenkov electron gas,’ ” Phys. Rev., vol. 102, pp. 299-304; 
April 15, 1956. 


Gas discharges have long been used as noise sources 
and switches and considerable effort is noted in this 
area. 


1957 


[186] R. I. Skinner, “Wide-band noise sources using cylindrical gas- 
discharge tubes in two-conductor lines,” Proc. IEE, vol. 103, 
Part B, pp. 491-495; July, 1956. 

[187] G. K. Hart, 18 IR Stevenson, and M. S. Tanenbaum, “High- 
power breakdown of microwave structures,” 1956 IRE Con- 
VENTION REcorRD, Part 5, pp. 199-205. 

[188] R. H. Geiger and P. E. Dorney, “Coaxial components employ- 
ing gaseous discharges at microwave frequencies,” 1956 IRE 
CONVENTION RECORD, Part 5, pp. 193-198. 

[189] G. M. Pateyuk, “Investigation of the high-frequency dis- 
eee Th. Eksp. Teor. Fiz., vol. 30, pp. 12-17; January, 


Even the spark serves as an often unwelcome micro- 
wave source. Its potential as a useful generator has been 
studied systematically. 


[190] M. H. N. Potok, “Researches into spark generation of micro- 
ee Proc. IEE, vol. 103, Part B, pp. 781-786; November, 


Detection 


Noise measurements are basic to receiver develop- 
ment, and continue to be refined. 


[191] W. Klein and W. Friz, “The gas-discharge tube as a device for 
noise measurement in the centimetre wave-band,” J. Electron- 
ics, vol. 1, pp. 589-600; May, 1956. 

[192] C. H. Mayer, “Improved microwave noise measurements using 
ferrites,” IRE TRAns., vol. MTT-4, pp. 24-28; January, 1956. 

[193] E. Maxwell and B. J. Leon, “Absolute measurement of re- 
ceiver noise figures at uhf,” JRE TrRans., vol. MTT-4, pp. 
81-85; April, 1956. 

[194] Peter D. Strum, “ A note on noise temperature,” IRE TRANs., 
vol. MTT-4, pp. 145-151; July, 1956. 

[195] V. A. Hughes, “Absolute calibration of a standard temperature 
noise source for use with S-band radiometers,” Proc. IEE, vol. 
103, Part B, pp. 669-672; September, 1956. 

[196] H. Sutcliffe, “Noise measurements in the 3-cm band using a hot 
source,” Proc. IEE, vol. 103, Part B, pp. 673-676; September, 
1956. 


Several important advances in microwave detectors 
and receivers have been recorded. First among these is 
an electron beam device with sensitivity comparable to 
a crystal and extremely wide bandwidths. This device 
utilizes the stop-band phenomenon of periodic magnetic 
focusing to sort the electrons in the beam according to 
their rf velocity modulation. 


[197] J T. Mendel, “Microwave detector,” Proc. IRE, vol. 44, pp. 
503-508; April, 1956. 


Two superheterodyne systems of unusual capability 
have been realized. The first utilizes multiple coherent 
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local oscillator signals to cover wide band continuously. 
Injection of both a microwave and a vhf signal into the 
mixer produces the desired spectrum. 

The second scheme actually synchronizes two swept 
oscillators to produce a broad-band response with full 
superheterodyne sensitivity. 


[198] M. Cohn and W. C. King, “A sideband-mixing superhetero- 
dyne receiver,” Proc. IRE, vol. 44, pp. 1595-1599; November, 
1956. 

[199] D.L. Favin, 
system with automatic synchronization,” 
TION RECORD, Part 5, pp. 184-192. 


“ A swept, broad band microwave double detection 
1956 IRE ConveEN- 


In the field of crystals, the technique of fabricating 
and mounting millimeter detector elements has been 
perfected to the point where performance comparable 
to that at lower frequencies is achieved. 

[200] W. M. Sharpless, “Wafer-type millimeter wave rectifiers,” 
Bell Sys. Tech. J., vol. 35, pp. 1385-1402; November, 1956. 

The last reference under detectors, and in the entire 
review, concerns the effects of microwaves on the human 
body. Fortunately, the prognosis is generally favorable: 
at frequencies above 3000 mc, only superficial heating 
is to be expected, with adequate sensory perception to 
provide warning. Only at lower frequencies is there 
danger of damage to tissues from exposure to radiation. 


[201] H. P. Schwan and K. Li, “Hazards due to total body irradia- 
tion by radar,” Proc. IRE, vol. 44, pp. 1572-1581; November, 
1956. 


CONCLUSION 


The number of papers and their titles give only a 
poor estimate of the progress made in microwave theory 
and techniques. More important, the quality of work 
has been almost uniformly high, insofar as it is possible 
to determine at this time. The results of future years, 
built on the achievements of the present, will prove the 
importance of the advances made during the year 1956. 
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April 


Coupled Strip Transmission Lines with 
Rectangular Inner Conductors" 
JAMES D. HORGANt 


Summary—A method is presented for determining the capaci- 
tance of electrostatic fields which have hitherto proved intractable 
because their solutions required the evaluation of hyperelliptic inte- 
grals. The method is illustrated by applying it to the determination 
of the characteristic impedance of a strip transmission line. The 
results compare favorably with the results of existing solutions. 
The method is then used to determine the characteristic impedance 
of coupled strip transmission lines with inner conductors of rec- 
tangular shape. Curves are included which permit the determination 
of this impedance over a wide range of line proportions. 


INTRODUCTION 
PSs OBJECTIVES of this paper are: 1) to pre- 


sent a method for determining the capacitance of 

electric fields which have hitherto proved intrac- 
table because their solutions, using conformal mapping 
techniques, required evaluation of hyperelliptic inte- 
grals, and 2) through use of this method, to determine 
the characteristic impedance of the coupled strip lines 
of Fig. 1. In the method to be described, the field is 
divided into two or more simpler configurations, and 
ordinary conformal mapping techniques are used to 
find potential distributions in each region. These distri- 
butions serve to furnish a first approximation to the 
correct capacitance and also provide the curvilinear 
coordinate systems necessary for obtaining a second 
approximation. Second approximations to the correct 
potential functions are obtained by using the first terms 
in Fourier series involving the curvilinear coordinates. 
Parameters associated with these terms are adjusted 
so that the capacitance obtained is a maximum. As a 
result, the capacitance and impedance values are cor- 
rect to within one or two per cent over the range of pro- 
portions investigated. The method described can also 
be applied to determine the permeance of magnetic 
fields, the conductance of electric current fields, and the 
conductance of thermal fields with similarly compli- 
cated boundary shapes. 

In order to present the method clearly, treatment of 
the coupled strip lines is preceded by application of the 
method to the simpler case of the strip transmission 
line of Fig. 2. The capacitance and characteristic imped- 
ance of such a line has been accurately determined,! 
and therefore a check on the accuracy of the method 
is afforded. After this problem has been treated, the 
method is applied to determine the characteristic imped- 
ance of the coupled strip transmission lines. 

* Manuscript received by the PGMTT, June 1, 1956. 

+ Elec. Eng. Dept., Marquette University, Milwaukee, Wis. 

1N. A. Begovich, “Capacity and characteristic impedance of 


strip transmission lines with rectangular inner conductors,” IRE 
Trans., vol. MTT-3, pp. 127-133; March, 1955. 
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ODD-MODE FIELD DISTRIBUTION 


Fig. 1—Field distributions of the even and odd modes in 
coupled strip line. 
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Fig. 2—Strip line configuration. 


To determine the capacitance per unit length of the 
strip transmission line of Fig. 2, an insulating partition 
is visualized as dividing the quadrant of Fig. 2(b) into 
the regions 1 and 2. Potential functions are obtained for 
each region, using conformal transformations as neces- 
sary. These functions are the first approximations to 
the true potential distributions. To obtain the true 
distributions, an infinite Fourier series could be added 
in each region, with coefficients evaluated so that all 
boundary conditions, including those at the surface 
common to both regions, would be satisfied. However, 
there are difficulties involved in evaluating these co- 
efficients. Such difficulties may be avoided by seeking a 
second approximation in which only the first term of the 
series in each region is retained. The approximation is 
made to yield an accurate value for the capacitance by: 
1) choosing a coordinate system (Fig. 3) in such a way 
that individual terms in the series exactly satisfy all 
boundary conditions except those at the matching sur- 
face, and 2) determining the coefficients in the series 
terms in a manner which yields maximum capacitance. 
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Fig. 4—Fringing capacitance for strip line. 


The results of such analysis, shown in Fig. 4 in compari- 
son with the results of Begovich,! are accurate to within 
two per cent of the fringe capacitance. The error, ex- 
pressed as a percentage of total capacitance, is less than 
two per cent. 


Strip TRANSMISSION LINE 


The problem to be discussed in this section is that 
of determining the characteristic impedance of the strip 
transmission line shown in Fig. 2(a). Such a line can 
propagate a transverse electromagnetic wave (TEM) 
for which the characteristic impedance, Zo, is? 


a/pe 1207 “e 


lags Pas Soe rice 4) 


where e¢, is the relative dielectric constant of the material 
in the space between the electrodes, € is the permit- 
tivity, and C is the capacitance per unit length. Thus, 
the crux of the problem is the determination of the 
capacitance. The general plan of attack is to determine 
the potential distribution, the field intensity, the stored 
energy, and from this, to find the relative capacitance. 

In order to determine the potential distribution, an 
insulating partition is visualized as dividing the field 
quadrant into the regions 1 and 2 as shown in Fig. 2(b). 
In region 1 the potential function which satisfies La- 


2S, Ramo and J. R. Whinnery, “Fields and Waves in Modern 
Radio,” John Wiley and Sons, Inc., New York, N.Y.; 1944. 
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place’s equation and the boundary conditions is 
$1(, y) “a 2y/a, (2) 


where ¢p in Fig. 2 is taken as unity without loss of gener- 
ality. In region 2 it is convenient to express the potential 
in terms of a new system of curvilinear coordinates 
(u, v), selected so that 


go(u, v) = 2. (3) 


Since equipotential surfaces coincide with surfaces of 
constant value of the coordinate v, the coordinate sys- 
tem (uw, v) must be conformally related to the (x, y) 
system and must satisfy the boundary conditions indi- 
cated in Fig. 3 and stated below: 


ea y= 0; On 

ole $2 = Or a/2 <4 yi< 072 (4) 
“= 0; x = 0; Ona 2 

u = Uo; y = b/2; Oars 


The important relations between (x, y) and (#, v) are 
developed in the appendix, using the Schwarz-Chris- 
toffel transformation. It is shown there that 


uy = K(k)/K(k’) (5) 
k = cos (ra/26) (6) 
k’ = sin (1a/2b), (7) 


where K(k) and K(k’) are complete elliptic integrals 
of the first kind. Consideration of the above leads to a 
first approximation for the capacitance of Fig. 2(a): 


C/e = 81/a + 4K(k)/K(R’). (8) 


To obtain a more accurate solution, the insulating par- 
tition is removed and the approximate potential solu- 
tions are augmented as follows: 


oi(x, y) = 2y/a t+ DS anem?*2/4 sin mlry/a (9) 


m=1 


ie} 
v+ >> b,e-"™ sin nr, 


n=1 


(10) 


o(u, v) 


For simplicity, (9) is written for the case of 1/a ap- 
proaching infinity, although it is easily generalized by 
including a negative exponential term. 

Each individual term in the two series satisfies all 
boundary conditions except those at the matching sur- 
face, 4=0. One method of obtaining the exact potential 
solutions involves evaluating the coefficients a, and b, 
so that both the potential and the normal component of 
displacement are continuous across the matching sur- 
face. The difficulties associated with this method are 
great, because the series involve trigonometric func- 
tions of two different arguments. 

Another method, the one to be pursued here, involves 
determining the coefficients a,, and 6, in such a way that 
the potential is continuous across the matching surface, 
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and the capacitance attains its maximum value.* To 
pursue this method, the capacitance is expressed as 


C = 2W/¢>’, (11) 


where VW is the total energy stored in the field and ¢po is 
the total potential difference across the conductors. In 
turn, W is expressed as 


W = (€/2) ible, E°dV, 


where £ is the magnitude of the field intensity and V is 
the volume of the field. Thus, assuming the potential 
difference as unity, capacitance as a function of potential 
distributions becomes 


(12) 


a/2 0 
Cle af | [(0¢1/dx)? + (0¢1/dy)?|dxdy 


+ if i [(dgo/du)? + (Ag2/dv)2|dudv. (13) 


Now if the potentials in (9) and (10) are substituted in 
(13) the result is, for the case of 1/a approaching in- 
finity, the expression relating capacitance to the un- 
determined coefficients, a, and b,. 


C/e = 81/a + 4u9 + 20 D> ma,” 


+ In D> (1 — e270) 05,2, (14) 
The maximum value of this capacitance is desired, sub- 
ject to the condition of continuity of the potential 
(0, v) at the matching surface as expressed by 

$(0, v) = 2y/a + >> am sin m2ry/a 


m 


y+ >> bd, sin nro. 
n 


(15) 


To introduce the potential ¢(0, v) into the capacitance 
(14), am and 6, are expressed in terms of this potential 
by multiplying (15) by the appropriate sin function, 
and integrating. When these results are substituted in 
(14), capacitance is expressed in terms of the potential 
at the matching surface: 


a/2 
C/e = 81/at 4m + 2x > myo i [¢(0, 2) 


2 


—2y/a] sin m2ry/a ay 
1 
+ 2 Do n(1 — e770) 12 f [¢(0, ») 
n 0 
2 
— v| sin nado 2. FGLG) 
The specific problem at hand now is this: find the func- 


3 J. W.S. Rayleigh, “The Theory of Sound,” Macmillan and Co., 
Ltd., London, Eng., vol. 2, p. 175; 1896. 
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tion $(0, v) which will result in the maximum value of 
the capacitance. This can be solved approximately by 
assuming that the potential at the matching surface 
can be represented by the first term in either of the 
series in (15). That is, assume 


(0, v) ~ 2y/a+ a, sin 2ry/a ~ v+ b; sinv. (17) 


Then, using (17) and the relation between a, and 


(0, v) as obtained from (15), a: can be expressed in 
terms of Oy. 


th Bo + Byby (18) 


Bo = (4/a) [¢ — 2y/a) sin 2ry/ady (19) 


a/2 
B, = (4/a) { (sin rv) sin 2ry/ady. (20) 


As shown in the appendix, along the matching surface, 
y and v are related as follows: 


v= 1 — F(6’, k’)/K(k’) 
cos 6’ = (k/k’) tan ry/b. 


(21) 
(22) 
In (21), F(6’, Rk’) is the incomplete elliptic integral of 
the first kind. 

Eqs. (18)—(22) serve to uniquely determine a; in terms 
of b). Eqs. (19) and (20) are integrated, using numerical 
or graphical methods. 


It is now possible to express the capacitance in terms 
of the single parameter, 0: 


C/e = 81/a + Ang 
+ 2n[(Bo + Bibs)? + (1 — e-27™)0,?], 
When this is maximized with respect to 0;, the result is 


— BoB, 


(23) 


by =e ¥ (24) 
1 _ e270 + BY? 
If uo>>1/27, this reduces to 
= Be 
b) = i (25) 
Biss 
By 


When (24) or (25) is substituted in (23), the capacitance 
is determined. In order to compare the results of this 
method with results obtained previously,! the capaci- 
tance is written in the form 


C/e = 81/a+ C;/e, (26) 
where C; is the fringe capacitance, given by 
C;/e = 4uo + 2r[(Bo + Bibs)? + 6,2]. (27) 


In Fig. 4, this fringe capacitance is plotted as a func- 
tion of the ratio c/b for the case of 1/b approaching 
infinity. The results of Begovich! are also shown for 
comparison. A maximum deviation of about two per 
cent of the fringe capacitance is indicated. It should be 
noted that this deviation approaches zero as 1/b ap- 
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proaches zero. Also, when this deviation is expressed 
as a percentage of total capacitance, the figure is less 
than two per cent. 


COUPLED Strip LINE: Opp MopE 


In this section, the following problem is taken up: 
for the coupled strip line operating in the odd mode, 
determine the characteristic impedance. As indicated 
in Fig. 1, the odd mode is excited by maintaining the 
inner conductors at equal and opposite potentials with 
respect to the parallel ground planes. For transverse 
electromagnetic (TEM) wave propagation on such a 
line, the characteristic impedance, measured from one 
strip to ground, can be determined from (1), if the capac- 
itance is taken as that of one strip to ground. As in the 
previous example, the crux of the problem is the deter- 
mination of this capacitance. Because of symmetry, 
attention can be focused on the problem of determining 
the capacitance of the quadrant shown in Fig. 5. 


(b) COORDINATE SYSTEM 


Fig. 5—Quadrant of coupled line in odd mode. 


Following the general scheme of the previous section, 
insulating partitions are assumed to divide the field 
into the regions marked 1, 2, and 3. In region 1, the 
potential which satisfies Laplace’s equation and the 
boundary conditions indicated in Fig. 5 is 


oi(a, y) = DKS. 


where ¢$o is taken as unity without loss of generality. 
In region 2 the solution is 


po(u, v) mee Ue 


where the coordinate system (u, v) is that sketched in 
Fig. 5. It is conformally related to the coordinate system 
(x, y) and satisfies the boundary conditions indicated 
in Fig. 5. The important relations between (x, y) and 
(u, v) are developed in the appendix, using the Schwarz- 
Christoffel transformation. It is shown there that 


uy = 2K(ko)/K(Ro’) 
ko = (tanh rw/2a)(coth r(w + s)/2a) 
Ro’ = V/1 wt Ro? 


(28) 


(29) 


(30) 
(31) 
(32) 


Horgan: Strip Lines with Rectangular Inner Conductors 95 


In region 3 it is impossible to write down a potential 
solution with the partition in place because the field ex- 
tends infinitely to the right. Practically, this situation 
can be remedied by imagining a conducting plate at 
zero potential to exist at some distance to the right of 
the conductor as indicated in Fig. 5. In effect, the as- 
sumption is made that the energy stored in that por- 
tion of region 3 to the right of this conducting plate is 
negligibly small compared with the energy stored in the 
entire field. The placement of this plate is somewhat 
arbitrary. The choice here is a location 6/2 units to the 
right of the conductor. Then, in region 3 a suitable 
potential is 


a(x, y) = 1 — 2(% — 1)/0. (33) 


Corresponding to the above potentials, the first approxi- 
mation for the capacitance of one strip to ground, oper- 
ating in the odd mode, is 


Co/e = 4K(Ro)/K(Ro’) + 2¢/s + 2c/d. 


To obtain a more accurate solution, the insulating par- 
titions are removed and the approximate solutions for 
potential are augmented as follows: 


(34) 


1(x, y) = 2%) 5 -f- SS Am(emryls 


m=1 
+ e-m2incise—m2ryls) sin m2rx/s (35) 
oo(u, v) =v + DS (dnem™™ ou) 4 dne-"™) sin nv — (36) 
n=) 
$3(x, y) = 1 — 2(% — 1)/b + pS Gp enerele 
p=1 
+ e-P?rcib e—p2ry/b) sin p2a(x — 1)/b. (37) 


Eq. (37) is valid only for (x—1) less than 0/2. 

By considering energy storage, it is possible to write 
the equation for capacitance in a form analogous to 
(13). By substituting the potential equations (35)—(37) 
in this form, the relation between capacitance and the 
coefficients dm, bn, dn, and Cy is obtained. 


Co/e = 4K(Ro)/K( Ro’) + 2c/s + 2¢/b 


+r > (1 — e-mrels)ma,,2 


m=1 


$m Dm exttrelhpcy! 


p= 


+o sa (1 — 6-270) (72) (On? + dn?). 


n=1 


(38) 


In order to introduce the condition of continuity of 
potential at the matching surface, these potentials are 
written in terms of the coefficients: 


Qa/s + Yo (1 + ec mrels)a,, sin m2rx/s 


m=1 


$(uo, v) 


foe] 
~y+t >> d, sin nv 


n=1 


(39) 
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(0, v) = 1 — 2(% — 1)/b 


2) 


+ >) (1+ e-??7¢!?)c, sin p2a(% — 1)/d 


p=1 


co 
~y+ >> dy sin nv. 


n=1 


(40) 


In writing (39)-(40) the following assumptions were 
made: 


Gne ™ < by 


Deere aa (41) 


It is now possible to relate capacitance to the potentials 
at the matching surfaces by determining the Fourier 
coefficients as functions of these potentials from (39)— 
(40) and substituting these expressions in (38). As in 
the previous example, these functions ¢(u, v) and 
(0, v) must then be chosen to result in the maximum 
value of capacitance. The problem is solved approxi- 
mately by assuming the form of these potential functions 
as 


(uo, 2) = v+ db, sin ry = 2x/s + ay(1 + e-?7°/*) sin 2rx/s 
¢(0, 2) = v+ d; sin mv = 1 — 2(% — 1)/b 
+ ¢,(1 + e7?7¢/>) sin 2n(a — 1)/0. (42) 


Using these approximations, a; and ¢, can be related to 
b; and d,: 


a; = Bot Bibi (43) 
a = D+ Didi (44) 
4 s/2 
Bo= risers (v — 2x/s) sin 2rx/s dx (45) 
B,= aoa Jo (sin mv) sin 2rx/s dx (46) 
o 4 
ae b(1 + e-2re/8) 
b/2 
f [v — 2(x — 1)/b] sin 2n(« — 1)/bdx — (47) 
0 
4 b/2 
D,= seal (sin 7v) sin 2r(# — 1)/b dx. (48) 


As shown in the appendix, along the matching surfaces, 
« and v are implicitly related by the following: 


v= 1—F(6’, ko’)/K(ky’) (49) 
sin 6’ = (1/ky’)~/1 — 1/#? (50) 
t= (1/ko) — (51) 
ne 1 — ko sinh? rx/a (52) 


{Eh sinh? as/20 
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Eqs. (43)-(52) serve to determine a in terms of d; and 
to determine ¢, in terms of d;. The integrations in 
(45)—(48) are carried out using numerical or graphical 
methods. It is now possible to express the capacitance 
in terms of the two parameters 0; and d;: 
Co/e = 4K(Ro)/K(Ro’) + 2c/s + 2c/b 
+ x(1 — etel)(Bo + Bibs)* 
+ x(1 = 2) (2 + dy’) 
~E (1 — e trol) (Do oo D,d,)?. (53) 


When this is maximized with respect to }; and then 
with respect to di, the results are 


ba a (54) 
1 — er 
ait eee 

nee =e (55) 
1 — e?r 
OF TL parelt Dy, 


When the last two equations are substituted in (53), the 
capacitance is determined. In order to present curves 
from which capacitance is easily obtained, it is conven- 
ient to rewrite (53) as 


Co/e — 4K(ko)/K(Ro’) + 2AC;'/e + 2AC;"o/€. (56) 


In this, ko and ko’ are given by (31)-(32) and AC;'/e 
and AC;)’/e, plotted in Figs. 6 and 7, are defined as 


4 


AC} /e = c/b + (/2)[(1 — 27) d,? 
ae (1 = e—4ne/b) (Dy ae D,d;)?| 
AC yo! /e = c/s + (4/2) [(1 — e-?™™)b,? 


o- (1 i etrel?)( Be + B,b,)?}. (5%) 


The notation used above is consistent with that used 
in Cohn.4 

The first term in (56) is the capacitance of one strip 
to ground, operating in the odd mode, when the thick- 
ness ¢ is zero. AC;’/e is the correction for the additional 
fringing from the outer end of one conductor to one 
ground plane. AC;o’/e is the correction for additional 
fringing from one half of the inner end of one conductor 
to the zero potential surface. Fig. 6 is a plot of the fring- 
ing capacitance correction for the outer end of the con- 
ductor. The correction is practically independent of w 
as long as w/b is greater than 0.2 and is independent 
of s as long as s/b is greater than unity. Fig. 7 shows a 
similar plot for the fringing capacitance correction at 
the inner end. 


COUPLED Strip LINE: EvEN MopgE 


To determine the characteristic impedance for the 
line operating in the even mode, in which the inner 
conductors are maintained at equal potentials with 


4S. B. Cohn, “Shielded coupled-strip transmission line,” IRE 
TRANS., vol. MTT-3, pp. 29-38; October, 1955. 
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Fig. 7—Correction to inner fringing capacitance. 


respect to the ground planes, attention is focused on 
one quadrant of the field as shown in Fig. 8. Insulating 
partitions are visualized as dividing the field into three 
regions as indicated. Following a scheme which parallels 
that for the odd mode, a first approximation for the 


capacitance can be written as 
Ca/e = 4K(h,)/K(k.’) + 26/8, (58) 


where C,/e is the capacitance of one strip to ground and 
k, and k,’ are given by 


k, = (tanh rw/2a)(tanh r(w + s)/2a) 
hk! = JS1 — he? 


(59) 
(60) 


With the partitions as shown, no field can exist in region 
1 and therefore the corresponding capacitance term is 
zero. 

A second approximation for the potentials can be 
written as 


¢1(x, y) = v(0, 0) + [1 — 2(0, 0) ]2x/s (61) 


goo(u, v7) = vt om dy (e—"** +- e-2"™UW0ent4) sin nv (62) 


n=1 
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v=1.75 .5 .25 
(b) COORDINATE SYSTEM 


Fig. 8—Quadrant of coupled line in even mode. 


o3(4, y) = 1 — 2(x — 1)/b + > Cp(er2tul® 


p=1 


— e-Perulbe—pnclb) sin p2a(x% — 1)/b (63) 


where v(0, 0) is the value of v for x =0 and y=0. In this 
case the added series solution is not introduced in 
¢i(x, y) since the relatively weak field in region 1 con- 
tributes little to the total capacitance. Following the 
procedure set out in the preceding section, an expression 
similar to (56) is obtained: 


C./e = 4K(k,)/K(k.) + 2AC///e + 2AC;./e. (64) 


Here, k, and k,’ are given by (59)-(60), AC;’/e is given 
by Fig. 6 for most practical cases, and AC;,’/e is de- 
fined as 


ACs.'/e = [1 — (0, 0) ]*(c/s). (65) 


For most proportions, this term is negligible compared 
with the other terms in the expression for capacitance. 


APPENDIX 


COORDINATE SYSTEM: STRIP LINE 


Fig. 9 shows the transformations used in establishing 
the coordinate system suitable for the strip transmission 
line of Fig. 2. According to the Schwarz-Christoffel 
theorem, the variables z and ¢ are related by 


dz/dt = A,(t)-/2(¢ — 1)-1/2, (66) 
This can be integrated to give 
z = (jb/2)[1/2 — (1/m) sin-1(2t — 1) | (67) 


where the constant of integration has been adjusted 
to satisfy the boundary condition at z=0. Again, relat- 
ing wand ¢ by means of the Schwarz-Christoffel method, 


dw/dt = B,(t)-/2(¢ — 1)-1/2(¢ — 2)? (68) 
which, when integrated, yields 
w = uo[1 — FO, k)/K(k)] + jl (69) 


sin @ = +/t/k. (70) 
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Fig. 9—Transformations for strip line coordinate system. 


Here, F(6, k) is the incomplete elliptic integral of the 
first kind; K(k) is the complete elliptic integral of the 
first kind. B; has been made equal to —uo/2K(k) in order 
to satisfy the boundary conditions at t=0 and t=k?. 
Unforuntately, (69) is useful only in the range 0<t<k?. 
To obtain an expression which is useful along the match- 
ing surface, ~=0, the transformation 

t) = 1 — R/t (71) 


is utilized. Then 


dw/di! = (—juo/2K(k)) (i — 1)-VA! — 7)? (72) 


R= V/1 — (73) 
Eq. (72) can be integrated to give 

w= j[1 — (uo)F(6’, k')/K() | (74) 

sin 6’ = V/i'/k’. (75) 


In order to satisfy the boundary condition at t’=k?, 


uy = K(k)/K(k’), (76) 
and therefore, along u=0, 
v= 1—F(6’, k’)/K(R’). (77) 


In order to relate 6’ and k’ directly to the z plane, (67), 
(71), (73), and (75) can be manipulated to give 


cos 6’ = (k/k’) tan ry/b. (78) 


COORDINATE SYSTEMS: COUPLED LINES 


Fig. 10 shows the transformations used in establishing 
the coordinate system suitable for the odd mode opera- 
tion of the coupled strip line shown in Fig. 5. According 
to the Schwarz-Christoffel transformation, z and ¢’ 
are related by 


dz/dt! = A(t’) — p)-12, (79) 
which may be integrated to give 
zg = (a/n) In [Vt/—p + V(V¥/—p) + 1]. (80) 
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Fig. 10—Transformations for odd mode coordinate system. 


Along y=0, (80) can be manipulated to give the relation 
between ¢’ and x: 


1 — ky sinh? rx/a 


= : (81) 
1+ ko sinh? rs/2a 


Further, by considering the value of t’ at x=s/2 and at 


x=(w+s/2), the expression for ko can be obtained. 
ky = (tanh rw/2a)(coth r(w + s)/2a). (82) 


Inspection of Fig. 11 shows that ¢ and ?#’ are related by 


1 #’-—1 
{= — ——. (83) 
ko +1 
z PLANE 
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\ \ \ 
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Fig. 11—Transformations for even mode coordinate system. 


Now w and ¢ can be related by means of the Schwarz- 
Christoffel transformation: 


dw/dt = B,(t? — 1)-/2(e2 = 1/R2)-12, (84) 

which may be ingerated to give 
w = [K(ho)/K(ko') |[1 — F(, ho)/K(o)] + j1 (85) 
sin 9 = ¢. (36) 


Eq. (85) is practically useful only in the range —1<t 
<1, that is, along v=1. To obtain an expression which 
is useful along the matching surfaces u=0 and u=uo, 
(85) can be transformed to® 


5 P. F. Byrd and M. D. Friedmann, “Handbook of Elliptic In- 
tegrals for Engineers and Physicists,” Springer Verlag, Berlin. 
Germany, Art. 115.02; 1954, 
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w= ut j[l — F(6’, ko’)/K(ho’) | (87) 

ko’ == V1 — ko? (88) 

sin 6’ = (1/R’)+/1 — 1/2. (89) 


Eqs. (87), (89), (83), and (81) give the implicit relation 
between x and v along the matching surfaces. 

Fig. 11 shows the z plane for the even mode operation 
of the coupled strip line. From it, it can be seen that the 
t plane, the ¢t’ plane, and the w plane sketches are identi- 
cal with the odd mode sketches, except for replacing 
ky by ke. Eqs. (89) and (86) apply, and by analogy with 
(85), 


w = [K(k.)/K(k.’) |[1 — F(0, &.)/K(ke)| + 71. (90) 
Along y=0, by analogy with (87), 
w=u+jll —F(6’, k.')/K(k.’) |. (91) 


Eq. (79) applies to Fig. 11 as well as to Fig. 10. When 
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it is integrated, and boundary conditions are applied, 
the result is 


= (a/m) In [Vi'/p + V/p) — 1]. (92) 
Along y=0 this can be written as 
1—k, cosh? rx/a 
U (93) 


7 1+ k, cosh? rs/2a 


By considering the value of t’ at x=s/2 and at x=(w 
+5/2) the expression for k, can be obtained: 


k, = (tanh rw/2a)(tanh r(w + s)/2a). (94) 

Eqs. (91), (89), (83), and (93) serve to give the implicit 
relation between x and v along y=0. 
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The Impedance of a Wire Grid Parallel to a 


Dielectric Interface* 
JAMES R. WAIT 


Summary—Analysis is given for the problem of reflection of a 
plane wave at oblique incidence on a wire grid which is parallel to a 
plane interface between two homogeneous dielectrics. It is assumed 
that the wire grid is a periodic structure and consists of thin cylindri- 
cal wires of homogeneous material. The equivalent circuit is derived 
where it is shown that the space on either side of the interface can 
be represented by a transmission line, and the grid itself is repre- 
sented by a pure shunt element across one of the lines. 


INTRODUCTION 
eee HAVE been many investigations of the 


electromagnetic properties of thin parallel wires 

composed of conductive material. The first quan- 
titative study was made by Lamb! in 1898 who con- 
sidered the plane wave incident normally on the grid. 
He showed that if the diameter, 2a, of the parallel 
wires was small, the reflection and transmission could 
be varied by changing the spacing. In 1914, von Igna- 
towsky? made a very exhaustive analysis of the scatter- 
ing of incident plane waves by single metallic grids 


* Manuscript received by the PGMTT, June 1, 1956. 
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including the case where the wire spacing is comparable 
to the wavelength. His formulas have been reduced, 
extended, and applied by other authors since that 
time.*—!! A very illuminating treatment has been given 
by MacFarlane® who indicated that a single grid can 
be represented by an impedance shunted across an 
infinite transmission line whose characteristic imped- 
ance is proportional to the intrinsic impedance of the 
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surrounding infinite medium. He showed that this shunt 
impedance was proportional to log (d/27ra)+F(6, d) 
where F is a correction factor which is a function of 
angle of incidence 6 and the spacing d. 

Recently it has been suggested by Jones and Cohn’? 
that a wire grid, if suitably located near an air-inter- 
face of a dielectric lens, can effectively simulate a quar- 
ter-wave matching network. Considering the case where 
the wire grid is embedded within the lens medium of 
intrinsic impedance Z, it can be readily shown” that 
the conditions for the matching the lens to the exterior 
(air) medium of intrinsic impedance Z’ are 


X,/Z = tan 2¢ 


and 


I 


Z' /Z-= tan? o 

where ¢ is the “electrical” distance in radians from the 
lens surface to the embedded grid whose impedance is 
Zea X,. 

The use of MacFarlane’s expression for Z, in the above 
application is not strictly correct as the F(@, d) function 
that he rigorously computed is only valid in the case 
where the grid is in an infinite medium. For dielectric 
lens matching, the value of ¢@ is usually of the order of 
a/4 radians corresponding to an air-lens interface to 
grid separation of the order of $ wavelength. It will be 
shown that some error can be introduced if account is 
not taken of the interface. The following analysis treats 
fully the problem of a parallel wire grid embedded in a 
homogeneous dielectric at a fixed distance from a plane 
interface. While the analysis employs the terminology 
appropriate to lossless dielectrics, the extension to dissi- 
pative media on either or both sides of the interface is 
effected by regarding the respective dielectric constants 
to be complex. 


OUTLINE OF SOLUTION 


With respect to a Cartesian coordinate system, the 
wire grid is contained in the plane x =A and is parallel 
to a plane interface, at «=0, of two dielectrics. The 
grid is composed of an array of wires parallel to the z 
axis and spaced a distance d between centers. The wires 
are taken to be of circular cross section and the diameter 
is assumed to be small compared to d. The medium 
(x >0) surrounding the wire grid is homogeneous with 
a dielectric constant e. The homogeneous medium be- 
yond the interface (« <0) has a dielectric constant e’. 

A plane wave with the electric field of magnitude £ 


parallel to the z axis, impinges on the grid with angle 
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Fig. 1—The wire grid parallel to a plane interface between 
two dielectrics. 


E; = Ey exp [i2r\—(x cos 0+ y sin 6) | (1) 
where the time factor exp (iwt) has been omitted and 
2m! = (eu) 1/%w (2) 


where J is the wavelength in the incident medium and 
uw. is the permeability which is assumed to be the same 
for both dielectrics. The currents induced on the wires 
will all be of equal magnitude J but will have a progres- 
sive change of phase between adjacent wires of 27\7!d 
sin 6 radians. 

In the absence of a grid a reflected wave 


E, = EoR exp: [i(21/d)(—x cos 0+ ysin 6)] (3) 
for x>0, and a transmitted wave 
E, = EoT exp: [i(2x/d’)(x cos 6’ + ysin 6’)] (4) 


for x <0, will be set up. R and 7 are Fresnel reflection 
coefficients given by 


DG a Naar bk Ie ya Sy (S) 
where 
K = 7n/cos6, K’ = 7'/cos@’, = (p/e)}/2 
and 
sin 6’ = (N/A) sin 6 = (e/e’)!/? sin 8 = (’/n) sin 0. 
It is now necessary to consider the field E,, of the wire 


grid carrying acurrent of magnitude J. From a previous 
analysis,’ it is known that: 


ipol +2 exp [i2rmy/d] exp |[—(27/d) | bie h| /(m + Dsin 6)? — D?| 


Ey = 4 exp: [i(27/d) y sin 6]- Se 


m=—o 


of incidence @ as indicated in Fig. 1. The primary or 
incident field is given by 


122. M. T. Jones and S. B. Cohn, “Surface matching of dielectric 
lenses,” J. Appl. Phys., vol. 26, pp. 452-457; April, 1955. 


/(m + D sin 6)? — D? (6) 


where D=d/X. To satisfy the boundary conditions at 
the interface, a further secondary field E,,* in the inci- 
dent medium must be introduced, and further trans- 
mitted field £.,‘, given by 
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tpol +2 R,, exp [i2mmy/d] exp [—(2r/d)(x + h)/(m+ Dsin 6)? — D?] 
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(7) 


E,* = i exp [i(2r/d)y sin@]- >> 
Tv 


m=—o 
and 


1, sie 


Tm exp [i2rmy/d] exp |(2r/d)x/(m + D sin 6)? — (D’)?] 


/(m + D sin 6)? — D? 


Byt = exp [il2e/a)ysing]- 


Ar mare V(m + Dsin 6)? — D® exp [(24/d)hx/(m + D sin 6)? — D?] 


where D’=d/X’. Rn and T, are analogous to Fresnel 
reflection coefficients and are given by 


Rn=Im—1 
_ V(m+D sin 6)?—D?—V/(m+D sin 6)?—(D')? 
V(m+D sin 0)?—D?++/(m+D sin 6)?—(D’)? 


(9) 


1 


(8) 
where 
ipwd d ) Gd (=) 
a log —+A 1 — | — 12 
Qa (108 = + Sa? 2ra \2o (12) 
with 


1+ Rp exp [—4rHD-'4/(m + Dsin 6)? — D?| 


Sl 


m=1 


/(m + D sin 0)? — D? 


(13) 


— 


The total field is then 
E= YN 0 moe) Se i wa Tee 
= E; os Joe 


fora > 0; 
Ore a3 << (0), 


It can readily be verified that EF and 0E/0x are continu- 
ous at x=0. 

The value of the current J is now found from the 
additional boundary condition that H=—TJ/z; exp 
[i(2a/X)y sin 6] where E is the field at the surface of the 
wire and 2; is the internal impedance of the wire. It 
can be assumed that the field is uniform around the 
wire since a<d and a<) and hence z; can be calculated 
by known methods and is given by™ 

Petes Ker (10a) 
2ral, (ya) 


where 4 = [ifw/(¢+iwe) |? and 7 = [¢fw(G+iwe) ]/? and 
i, ¢, and é are the permeability, conductivity, and di- 
electric constant of the wire material. J) and 4 are 
modified Bessel functions of or order of zero and unity. 
For metallic wires, the displacement currents are neg- 
ligible since weé<o even for microwaves. In addition, the 
frequency is usually sufficiently high so that | 7a| >1 


and hence 
(=) 1+7 
BAe | ee O 
20 2ra 


Invoking the boundary condition at the wire leads to 


(10b) 


= Eod { exp [i(2r/d)h cos 0] + R exp [—i(2m/d)h cos at 


1+ R_mexp [—4rHD-'\/(m — Dsin6)?— D?| 2 | 
./(m — D sin 6)? — D? m 


where R,, is defined in (9) and R_, is obtained by re- 
placing m with —m. The current J on the grid wires is 
now specified in terms of known quantities. An immedi- 
ate partial check is obtained by noting that J reduces 
to (10) of an earlier paper!® when e’ approaches infinity 
corresponding to a perfectly conducting plane at x=0. 


THE DISTANT FIELD 


Although the complete solution of the problem has 
now been obtained, it is very desirable to focus attention 
on the distant scattered field. For example, if (xn =h)>>X 
it is evident that only the terms for m=0 are significant 
for d/\<1/(1+sin |@|) and d/A’<1/(1+sin |6’|). The 
higher values of m correspond to evanescent waves 
which are highly damped in the positive and negative 
x directions. For larger values of d, additional undamped 
waves can be scattered from the grid. The discussion 
will be limited here to the smaller grid spacings satisfy- 
ing the above inequality. The distant fields are then 
given by 


E = Ey exp [i(2r/d)(« cos 6+ y sin 6) | 


[exp (i2H cos @) 


EyR 
+4 : Leone 


+ Rexp (—i2rH cos 8) | 


-exp [i(2a/d)-(— cos 6+ ysin 0) it (14) 


(11) 


(n/2 cos 0)(1 + R exp [—i(4r/d) h cos 6]) + Z, 
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for large positive x, and TABLE I 
VALUES OF A 
et fee In . = Se a ne 
BD EOE ee gt RD Ar FOR OE p= | 0,2 | 0.3 | 0.4\90,.8 1 0.61100) eens 
{ 2d cos 0 : | 
| | 
ehh ang nes, 4a,  H=0 |0.0170| 0.0456 | 0.0728 | 0.1210 | 0.1865 | 0.1262 | 0.2216 
-exp [i(2m/X’)(x cos 6’ + y sin 6’) | (15) =. | 0.0245 | 0.0567 | 0.1027 | 0.1620 | 0.2561 | 0.3813 | 0.4614 
=1° | 0.0246 | 0.0573 | 0.1067 | 0.1774 | 0.2771 | 0.4227 | 0.5856 
for large negative x, where =} | 0.0246 0.0574 | 0.1068 | 0.1808 | 0.2882 | 0.4532 | 0.7433 
== | 0.0246 | 0.0575 | 0.1068 0.1809 | 0.2882 | 0.4535 | 0.7477 
Pere (ee (Ki = RAV R! doen) (16) 7 | 


with K=n/cos @ and K’=n'/cos # with H=h/)X. 

The equivalent circuit, which may be taken as the 
analog of the wire grid is shown in Fig. 2. The space to 
the right of the interface, (x>0), is represented by a 
transmission line of characteristic impedance K and 
propagation constant I’. The line constants for the space 
to the left (x<0) are K’ and I’. At x=h, the line is 
shunted by an impedance Z,. The voltage V across the 
line and the current in the line J can now be identified 
with the electric field H and the magnetic field com- 
ponent #7, respectively. The characteristic impedances 
have been defined earlier and the propagation constants 
are given by 


T = i(27/d) cos@ and I” = i(27/N’) cos 6’. 


———————————— 
| 
| 
er | Zq Keel 
| 
| 
ol 


a 


Fig, 2—The equivalent circuit consisting of two semi-infinite 
transmission lines with shunt element across one. 


In the case of normal incidence (@=@’=0), (12) re- 
duces to 


d d d (fw 
Z,=i~ a] tog +a] +a+9—(%) (17) 


Ta 2ra \2¢e 
“ (1+R,e —4n(H/D)V/m?— D? 1 
=f xp [—40(H/D)V/ 1-4 (18) 
m=1 NM Bd 
and 
RED ie SOND) 
Rn = = aes (19) 
/m* — D® + /m? — (ND)? 
NUMERICAL DISCUSSION 
Some numerical values of A for normal incidence 


(@=0) and \’/A=1.57 are given in Table I. The ratio of 
the wavelengths between the medium surrounding the 
grid and the exterior medium (1.e., 1.57) is typical for a 
dielectric lens. The case of H=0 corresponds to the grid 
in the interface and H=©o corresponds to the grid 
within the dielectric lens medium when the interface is 
effectively at an infinite distance. Since for reactive- 


wall matching, H is of the order }, it is seen that the 
correction factor A can be appreciably different from the 
corresponding value for H=~ if D is of the order of 
one half-wave length or greater. When the grid is in the 
interface, the value of A can be expected to be influenced 
equally by the electrical properties of both media. This 
is demonstrated by considering the case T=0, 0=6’=0, 
whence! 


is 2 
woe a oe 20 
pe /m? — D? + /m? — (ND)? ao 
which can be approximated by 
A ~ 0.301(N? + 1)D? (21) 


subject to (VD) and (D)*<«1. This can be rewritten 


A > 0.601(k.D/2m)2 (22) 


where 7k, is the effective propagation constant for a thin 
wire in an interface between two media whose propaga- 
tion constants are 1k(=2mi/d’) and 7tk’(=27i/)’). 
Therefore subject to the above approximations 


tn/ (Ch)? CRA 2s 


thal (23) 
This simple formula for the effective propagation con- 
stant was suggested previously on intuitive grounds. 


CONCLUSION 


This analysis provides an exact expression for the 
equivalent shunt impedance Z, of a thin wire grid 
situated parallel to the interface between two homo- 
geneous dielectrics. The results indicate that Z, is de- 
pendent on the distance h from the grid to the interface. 
The error incurred, however, in neglecting this effect in 
applications to surface-matching” of dielectric lenses is 
unimportant if the grid spacing d is less than about 
0.5 for normal incidence. This condition can become 
more stringent when the £ vector is not parallel to the 
wires.» 


18 This particular formula is identical to one quoted to me by 
G. D. Monteath of the British Broadcasting Corp. recently. He says 
it can be obtained directly using a quasi-static method. I am in- 
debted to Mr. Monteath for a stimulating discussion of this matter. 

4 J. R. Wait and W. A. Pope,“ Input resistance of I. f. unipole 
aerials (with radial wire earth systems),” Wireless Eng., vol. 32, pp. 
131-138; May, 1955. 

15 J. R. Wait, “On the theory of reflection (at arbitrary incidence) 
from a wire grid parallel to an interface between homogeneous 
media,” Appl. Sci. Res., vol. BV, 1957 (in press). 


1957 


IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


Semicircular Ridges in Rectangular Waveguides’ 


J. VAN BLADEL} anv O. VON ROHR JR. 


Summary—The two-dimensional Helmholtz equation is solved 
in a rectangle having two semicircular projections in the center of its 
broad faces. More particularly, the lowest two eigenvalues are deter- 
mined for Neumann’s boundary condition, and the lowest eigenvalue 
for Dirichlet’s boundary condition. The results are of interest in 
various fields of physics, such as vibrations of a membrane, but are 
of particular importance in the study of waveguide propagation. The 
latter application is stressed in the article, in accordance with the 
practical importance of ridged waveguides. 


INTRODUCTION 


HE LOWEST mode of a rectangular waveguide, 
he the TEi) mode, has a cutoff frequency f; equal 

to c/2a, where c is the velocity of light in the 
dielectric filling the guide (see Fig. 1). The next to 
lowest mode is either the TEo: mode, with cutoff fre- 
quency ¢/2b, or the TExo, with cutoff frequency c/a, the 
choice between these two modes being determined by 
the aspect ratio b/a of the cross section. At most, the 
ratio of the lowest two cutoff frequencies (termed mode 
separation factor) is seen to be equal to two. Insertion 
of rectangular ridges has the following effects:!? 


1) A decrease in the lowest cutoff frequency. This is 
shown in Fig. 3, where, as in the rest of the article, 
frequencies are measured in terms of c/2a. The 
penetration of the ridge is expressed by the inser- 
tion coefficient 7, a quantity which is defined as 
2d/b for the rectangular shape and 2R/é for the 
semicircular shape. In particular, 2 takes the value 
one when the ridges touch each other. It is seen 
that the presence of the ridges makes the wave- 
guide more compact for any given value of the 
lowest cutoff frequency. 

2) An increase in mode separation, as seen in Fig. 6. 
Consequently, “one-mode” propagation is possible 
over a broader band of frequencies. This important 
property has led to the use of ridged waveguide in 
airborne weather-radar, where the two wave- 
lengths of importance for precipitation detection, 
viz., 3.2 cm and 5.6 cm, must be alternatively ac- 
commodated by the same waveguide run, excite 
a single mode, and still lie sufficiently far from cut- 
off values. 

3) An increase in power attenuation, as evidenced by 
the two isolated points in Fig. 7. This is objection- 
able for energy transmission purposes, although 


* Manuscript received by the PGMTT, June 25, 1956. 

+ Dept. of Elec. Eng. Univ. of Wisconsin, Madison, Wis. This 
work was written while the author was at Washington Univ., St. 
Louis, Mo. 

t Dept. of Elec. Eng., Washington Univ., St. Louis, Mo. 

1S, B. Cohn, “Properties of ridge wave guide,” Proc. IRE, vol. 
35, pp. 783-788; August, 1947. 

2S. Hopfer, “The design of ridged waveguides,” IRE TRANS., vol. 
MTT-3, pp. 20-29; October, 1955. 
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Fig. 1—Rectangular and semicircular ridges. 


desirable in the design of certain microwave 
devices.! 

4) An increase of the maximum electric field intensity 
in the cross section, namely at the protruding 
corners of the ridges. This lowers the maximum 
power which can be transmitted without break- 
down. To counteract this effect, corners of the 
ridge are slightly rounded off in practice. The 
question then naturally arises as to what would 
be the effect of rounding off much more drastically, 
1.e., What desirable and undesirable properties of 
the rectangular ridge would result when one goes 
over to the “cornerless” semicircular ridge. It is 
the purpose of the present paper to give an answer 
to that question. 


NUMERICAL CALCULATIONS 


The structure and properties of a waveguide mode are 
determined by solving the following two-dimensional 
eigenvalue problems:* 


3S. Ramo and J. R. Whinnery, “Fields and Waves in Modern 
Radio,” John Wiley & Sons, Inc., New York, N.Y., 2nd ed., ch. 
8; 1953. 
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TE modes:V*¢ + k°@ = 0 with 
(ele) : 
— = (0) on cross section contour 
On 


TM modes:V*¢ + k?¢ = 0 with 


(1) 


¢ = 0 on cross section contour. (2) 


To each eigenvalue k? and eigenfunction ¢ corresponds 
a different mode, the cutoff frequency of which is equal 
to ck/27. The eigenvalue problem of the present article 
has been solved by classical difference equation meth- 
ods.‘ Iteration methods have been found more suitable 
than relaxation methods for the purpose. In brief, the 
technique consists of starting with a small ridge radius, 
a coarse net, and a distribution ¢° of net point values 
corresponding to the unperturbed eigenfunction (z.e., 
relative to the rectangular boundary of same aspect 
ratio, but without ridge). A first estimate of k? is ob- 
tained by the Rayleigh quotient 


= NS pV" 
Dd (¢°)? 
Better values of ¢ are obtained by going around the net 
and replacing the initial values ¢° by (see Fig. 2). 


(3) 


Fig. 2—Points of the nets used in the iteration method. 


_ bit got bat $s 


4 — h2(k°)? 4) 
for an ordinary point. 
2 2 
pra teie a ERO a, vaemn onset S 


2 2 
co eee (R°)?h? 
ia 


for a boundary point. 


From this new set of values, k? is again computed from 
(3), and the process is repeated until k? converges. One 
then goes over the finer nets, and computes the corre- 
sponding values of k?. The final nets, in the present 
work, contained some 400 points on the average.® A 
typical sequence of values for k? is 11.1/a?, 8.3/a?, and 


4D. N. deG. Allen, “Relaxation Methods,” McGraw-Hill Book 
Co., Inc., New York, N. Y., 1st ed., ch. 5, 6, and 12, 1954. 

5 For more details, see O. Von Rohr’s thesis, submitted to the 
Sever Inst. of Tech. in partial fulfillment of the requirements for the 
degree of Master of Science in electrical engineering. 
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Fig. 3—Cutoff frequency of the lowest mode as a function of the 
ridge penetration. The dashed curve is relative to a rectangular 
ridge. The insert shows the lines of force of the electric field in the 
waveguide cross section. 
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Fig. 4—Cutoff frequency of the second lowest mode as a function of 
ridge penetration. The inserts show the lines of force of the elec- 
tric field in the waveguide cross section. The dashed curve, which 
represents the third lowest mode for b/a =0.50, has been added to 
allow interpolation of the TE: characteristics between b/a =0.50 
and b/a=0. 


7.7/a® for nets containing respectively 19, 97, and 425 
points. The extrapolated value, in this particular exam- 
ple, was taken to be 7.6/a?. The results of the computa- 
tions are shown in Figs. 3 to 6. Each curve contains five 
calculated points, and the over-all accuracy is believed 
to be better than 2 per cent, which is satisfactory for 
general engineering purposes. Computations were made 
on a desk calculator, in the absence of a suitable auto- 
matic computer. Interest is focused on the lowest two 
TE modes, which determine the mode separation factor. 
However, cutoff frequencies of the lowest TM mode 
have been added, both because it was found desirable 
to check whether they remain higher than those of the 
investigated TE modes, and also because they repre- 
sent the fundamental frequency of the clamped mem- 
brane having the contour depicted in the lowest part of 
Fig. 1. It will be noticed from Fig. 4 that the TEx.) mode 
is the second lowest mode for small aspect ratios. This 
characteristic property was also displayed by the ridge- 
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Fig. 5—Cutoff frequency of the lowest TM mode as a function of 
ridge penetration. The insert shows the lines of force of the 
electric field in the waveguide cross section. 
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Fig. 6—Mode separation factor as a function of insertion coefficient. 
The dashed curve, added for comparison purposes, is relative to 
a rectangular ridge. 


less guide. The value of 0/a, however, at which the 
transition from TE: to TEgo takes place, is no longer 
0.5, but is somewhat smaller. Notice also from Fig. 6 
that the mode separation is optimum for an aspect ratio 
of 0.4 approximately. 

The knowledge of the eigenfunction ¢ relative to the 
lowest mode makes it possible, by using classical for- 
mulas,*? to compute the attenuation and the power 
handling capacity of the guide. The results are shown 
in Figs. 7 and 8. It has been found useful, for comparison 
purposes, to display the attenuation constant relatively 
to that of a ridgeless rectangular guide of identical 
material, aspect ratio, and cutoff frequency. The values 
of the attenuation constant of the latter guide can be 
found in the literature.’ The relative power handling 
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Fig. 7—Attenuation coefficient in terms of the attenuation coefficient 
relative to a ridgeless waveguide of identical aspect ratio and cut- 
off frequency. The curves are relative to the lowest mode. The 
two isolated points refer to the relative attenuation for a rectangu- 
lar ridge (S/a=0.25, b/a=0.5) of insertion coefficients 0.5 and 
0.75 respectively. 
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Fig. 8—Decrease of power handling capacity with ridge penetration. 


capacity curves indicate that, as the ridge penetration 
increases, the lowest power level which will cause break- 
down (t.e., create, somewhere in the cross section, an 
electric field equal to the breakdown value) becomes 
smaller and smaller. 


Comparison Between Ridges 


The best over-all properties, for a rectangular ridge 
and an aspect ratio of 0.5, are obtained? for s/a=0.25 
(Fig. 1). An inspection of Fig. 6 indicates that such a 
rectangular ridge ensures a better mode separation than 
the semicircular ridge, for any given insertion coefficient. 
This is not surprising, for the rectangular ridge covers a 
larger proportion of the cross section than its semi- 
circular counterpart. The comparison, however, should 
be made on a mode separation basis. For a given mode 
separation factor, the semicircular ridge is evidently 
greatly superior as far as power handling capacity is 
concerned. The latter is actually zero for a rectangular 
ridge (that is, if we take maximum local electric field as 
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a criterion). The relative attenuations are roughly 
identical for both ridges, as can easily be checked by 
considering the two representative points of Fig. 7. It 
consequently appears that the semicircular ridge has all 
the favorable features of its rectangular counterpart, 
and shows, in addition, considerable improvement in 
power handling capacity. 


Experimental Verification 


To obtain an idea of the accuracy of the curves, it was 
decided to check two points where the accuracy was ex- 
pected to be low. These points were relative to the 
TE mode (the nets of which contained, in general, 
fewer points than for the TEi)9 mode) and to a wave- 
guide with aspect ratio b/a=0.466 (namely the RG- 
49/U guide). The value of the cutoff wavelength, for 
insertion coefficients of 0.5 and 0.75, was found, by in- 
terpolation from the curves, to be 4.15 cm and 3.95 cm 
respectively. The measured values were 4.25 cm and 
4.08 cm, off by 2 or 3 per cent. This discrepancy is within 
the limits of the expected 2 per cent over-all accuracy, if 
one takes into account the additional error introduced 
by the interpolation process. 


APPENDIX 


The following details about the computation method 
are of interest: 

1) Each mode has certain symmetry or antisymmetry 
properties with respect to the 0x and Oy axes (Fig. 1). 
The TE,o mode, for example, is symmetrical for 0x, and 
antisymmetrical for Oy. These properties allow compu- 
tations to be restricted to a quarter of the cross section. 

2) The boundary condition @=0 is imposed by 
setting $1 =¢2,,=0 in (5). The condition 0¢/dn=0 is 
imposed by the use of Fox’s method,® which consists of 
computing the value at c’ (see Fig. 2) with the formula 


6 L. Fox, “Solution by relaxation methods of plane potential 
problems with mixed boundary conditions,” Quart. Appl. Math., vol. 
2, pp. 251-257; October, 1944. 
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relative to an ordinary point, 7.e., (4). The values of the 
function at 2’ and 1’ are taken to be the same as in 
2’ and 1’”’, points situated on the perpendicular to the 
boundary, and where ¢ can be obtained by interpolation 
between ¢., and ¢3, @-, and $4, respectively. 

3) Iteration with formulas (4) and (5) increases the 
proportion of lowest modes in the initial distribution @°. 
Indeed, the iteration process consists essentially of solv- 
ing V*b!= —(k°)*p°. Assuming the initial distribution to 
be expanded in the still unknown eigenfunctions ¢y, 


Done asi Or CLS 
@° = Cibi + Crp2 + +++ + nba tree. (6) 
Then the “better” approximation ¢! is seen to be 
{ORS oe. Ce 
(Ri)? (Rn)? 


and, because ky?<ko?<k3?, ---, the coefficient of the 
lowest mode ¢; has been proportionally increased as 
compared to the coefficients of ds, ¢3, - + +, (and simi- 
larly for the coefficient of ¢, as compared with ns, 
dni2, Pniz, etc.). Convergence will then be ultimately to 
the lowest mode ¢;, whatever the initial distribution $°, 
except if c;=0, 7.e., the initial distribution was orthog- 
onal to ¢;. This was fortunately easy enough to ensure 
in the present problem. Assume that one tries to con- 
verge to the TE) mode, the eigenfunction of which is 
ds. The lowest eigenfunction ¢; is a constant, 7.e., inde- 
pendent of position. If one takes the initial distribution 
to be symmetrical for 0x, antisymmetrical for Oy (as 2 
should be), then c,; is automatically zero, and conver- 
gence will be to the desired eigenfunction ¢». Similarly, 
symmetry properties allow convergence for the TEo 
mode without any trouble. The TE2) mode, however, 
must be treated carefully. It is symmetrical with respect 
to Ox and Oy, so that ¢ is not automatically zero any- 
more; coefficient ¢; is kept equal to zero only if, after 
each iteration, the function ¢ is adjusted, by addition 
of a constant, to have an average value equal to zero. 


EVA 
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Synthesis of a Class of Microwave Filters’ 
HAROLD SEIDEL} 


Summary—This paper deals with the development of anew model 
for a class of microwave filters. With this model one can reproduce 
and systematize from a general viewpoint results now in the litera- 
ture. Its most prominent feature, however, is that the use of the mod- 
el permits the development of a synthesis procedure for the wide- 
band filter. From this single model a wide variety of structural real- 
izations are readily obtained. Designs employing this model, and 
the appropriate synthesis, show significant improvement of desired 
characteristics over conventional designs. The general multiple 
quarter wave matching transformer problem is also discussed. 


I. INTRODUCTION 
aie PURPOSE of this paper is to unify various 


representations and designs of a class of reactive 
filters, of which the quarter wave coupled cavity 
filter? is representative. Herein structures are sought 
that have symmetric insertion loss characteristics about 
a given frequency and are characterized by an even 
polynomial loss function in terms of an appropriate fre- 
quency sensitive variable. Among others of possible in- 
terest included in this class are Tchebycheff and maxi- 
mally flat responses. The form of the filter representa- 
tion also leads simply to the design of multiple quarter 
wave matching transformers. This design is included in 
one section of this paper. 
The building block chosen in a pair of equal trans- 
formers, as shown in Fig. 1, separated by a transmission 


No: | y No: | 


Fig. i—Transformer representation of a resonant cavity. 


line of electrical length Y and having a relative charac- 
teristic impedance of value unity. When yw takes on a 
quarter wavelength value, this network transmits with- 
out reflection and behaves in the manner of a resonant 
cavity. Since the cavity has been somewhat ambigu- 
ously represented in the literature, Fig. 1 will be taken 
as a defining representation to within the appendage of 
a quarter wavelength transmission line. 

This representation has two features of interest: 
1) the transmission line length at resonance is not a 


* Manuscript received by the PGMTT, June 28, 1956. This pa- 
per is a portion of a dissertation submitted in partial fulfillment of 
the degree of Doctor of electrical engineering at the Polytech. Inst. 
of Brooklyn, Brooklyn, N. Y.; May, 1954. 

+ Bell Telephone Labs., Inc., Murray Hill, N. J. 

1R, M. Fano and A. W. Lawson, ‘‘Microwave filters using quar- 
ter-wave couplings,” Proc. IRE, vol. 35, pp. 1318-1324; Novem- 
ber, 1947. 


function of the transformer value, and, 2) direct cas- 
cades of resonant cavities of the form of Fig. 1 lead to 
polynomial insertion losses in the variable cos yw. These 
features permit a simple representation of a structural 
realization without the necessity of taking into account 
small phase corrections associated with the cavity load- 
ing or the interaction of adjacent cavities.2 A sym- 
metric array of cavity Q values leads to even polynomial 
insertion losses covering the class of present interest. 
These cavity loadings, or Q values, will be discussed 
more explicitly in the text. 

The class of filters to be discussed is roughly similar 
to that of ladder networks in lumped element theory 
and, indeed, it will be shown that the ladder is the limit- 
ing microwave filter representation in the narrow band 
region of design. All the structures to be examined are 
formed from cascades of simple elements and are mini- 
mum phase networks. The multimode or bridge type 
structures*~ are excluded because they are not of this 
category. The filter is analyzed through the use of a 
transfer matrix® (ABCD matrix), with a minor modi- 
fication of the current flow convention. 

The rigorous synthesis procedure described for arbi- 
trary bandwidth filters extends the Darlington proce- 
dure for lumped element networks to the case of dis- 
tributed line elements. A method of factoring is used in 
a fashion similar to that for lumped element synthesis, 
but with appropriate radical quantities involved in the 
factors characterizing the distribution effects. 

The following section presents a review of certain 
aspects of four-pole theory and transformer equivalents. 
Section III is concerned with filter equivalents. Section 
IV extends the prior section to show its relation to 
quarter wave matching transformer design. Finally, 
section V covers the synthesis and realization of a 
general filter design. 


II. REACTIVE FouR-POLE EQUIVALENTS 
A. Transfer Matrix Properties 


The transfer matrix is defined by means of the con- 
ventions indicated in Fig. 2. 


Choe 
I, wy OD 1p 

2W. W. Mumford, “Maximally flat filters in waveguide,” Bell 
Sys. Tech. J., vol. 27, pp. 684-713; October, 1948. 

3 J. R. Whinnery, “Design of Microwave Filters,” Symposium on 
Modern Network Synthesis, Brooklyn Polytech. Inst., Brooklyn, 
N. Y., pp. 293-301; April, 1952. 

4S. B. Cohn, “Analysis of a wide-band waveguide filter,” Proc. 
IRE, vol. 37, pp. 651-656; June, 1949. 

5S. B. Cohn, “Design relations for the wide-band waveguide 
filter,” Proc. IRE, vol. 38, pp. 799-803; July, 1950. 

6 E. A. Guillemin, “Communication Networks, Vol. II,” John 
Wiley and Sons, Inc., London, Eng., pp. 144-152; 1935. 


Fig. 2—Four-pole conventions. 


A, D, 8, and ¥ are all real for a reactive structure, and 
the matrix determinant is of unit value. The insertion 
loss L, which is defined as the ratio of the power trans- 
mitted into a matched load from a direct connection to 
the generator to that obtained with the four-pole in- 
serted, is related to the elements of the transfer matrix 
by 


L=1+3[(A —D)?4+ (6 — y)?]. (2) 


The input impedance to side 1, with a unit normalized 
terminating impedance, is given by 
A+ 16 
iy + D 
It is through (3) that synthesis will eventually be per- 
formed, since it gives a simply ordered array of the 
matrix elements. 

Four-pole behavior with the insertion of frequency 
invariant quarter and half-wavelength transmission 
lines will be of interest in various aspects of this study. 
The half-wavelength line is an all-pass 180 degrees phase 
shift network and is employed as an identity operation 
with respect to insertion loss when employed in cascade. 
A simultaneous application of quarter wave lines as 
cascades before and after a four-pole interchanges di- 
agonal terms in the transfer matrix. This transformation 
has the effect of inverting transformers, inverting the 
relative characteristic impedance of a transmission line, 
and interchanging lumped series reactances and shunt 
susceptances. These invariant line lengths are to be 
distinguished from physical transmission lines, which 
pass through quarter and half wavelength values as a 
function of frequency. 


(3) 


B. Equivalent Representations Involving 
Ideal Transformers 


Weissfloch? has shown that any reactive four-pole 
may be represented, at a frequency, as a transformer 
with associated transmission line lengths. Iris type 
filters are obtained later from the transformer cavity 
model through reference to the Weissfloch network 
equivalents, shown in Fig. 3, for lumped series and 
shunt elements. Symmetric employment of trans- 
formers (Fig. 4) furnishes a ready equivalence to the 
junction of two transmission lines of different character- 
istic impedance. 

7 A. Weissflock, “Anwendung des transformersatzes tiber ver- 


lustlose vierpolen auf die hinter einander schaltung, von vierpolen,” 
Hochfreq. Tech. Electr. Akust., vol. 61, pp. 19-28; January, 1943, 
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X= B= 2COT20:N-'4, 
Fig. 3—Some transformer equivalents. 


4] 2 ana 
| y N:] ae 


Fig. 4—Transmission line equivalents. 


N=COT9 


The transformer portion of the Weissfloch representa- 
tion determines the insertion vswr of the four-pole. The 
transformer ratio, or its reciprocal, is equal to the square 
root of this vswr. 


III. FILTER EQUIVALENTS 


A symmetrically loaded filter structure is illustrated 
in the transformer cavity representation of Fig. 5. 
Although symmetrically loaded, the network is elec- 
trically unsymmetric to within the addition of a quarter 
wavelength section. This construction is a direct coupled 
representation, since adjoining transformers coalesce. A 
quarter wave coupled construction results from the 
transformations shown in Fig. 6 which employ invariant 
half wavelength identity sections and quarter wave- 
length transformer inverting sections. 


Niel Navi No? | No: | 
Fig. 5—Symmetric cavity array filter. 


7 Vvemve "Noma Nel wee Ne v2 N31 Ny wet iy 
Fig. 6—Quarter wave coupled filter. 


Fig. 6 is, at best, an idealized representation, since the 
coupling sections are of invariant quarter wave nature. 
The resonant cavity length ~y+(m/2) is, however, per- 
mitted a realistic frequency variation, since y itself may 
undertake any appropriate variation as a function of 
frequency suitable to the radian length ~+(7/2). 

The direct coupled structure of Fig. 5, as indicated, 
is incapable of realizing loss functions having a center- 
band mismatch. This situation may be overcome by 
considering the filter structure to be designed to a 
modified characteristic impedance. This situation, in 
turn, may be depicted simply by adding a pair of match- 
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ing transformers at the filter terminals. In practice, 
these added transformers may be realized by appropri- 
ately tapering the transmission line impedance to what- 
ever value may be required at the filter terminals. 

It may be demonstrated simply that a transformation 
of NV to 1/N in these representations produces no effect 
on insertion loss. We shall, therefore, generally restrict 
the analysis to N>1. 


A. Line Type Filters 


Fig. 6 leads to the line filter structures shown in Fig. 
7(a) and 7(b). These filters are each comprised of an ar- 
ray of sections, all of equal length, but varying in char- 
acteristic impedance. The second of these two figures is 
derived from the former by the inversion properties of 
the quarter wavelength sections. The structure shown 
in Fig. 7(b) has been used as a low pass structure, al- 
though there generally is no adherence to the require- 
ment that the sections be of equal length. This lapse is 
permissible for small section lengths, since insertion 
losses there depend simply on the product of the char- 
acteristic impedance and line length, and either may 
modify the other. This is, however, an approximation 
valid only for small electrical line lengths and is im- 
proper in band-pass constructions. 

Fig. 7(b) is an imperfect wideband structure, because 
of the existence of discontinuity effects. However, the 
compensation techniques of Section V adequately di- 
minish these effects and this type of filter is employed 
eventually in wide-band operation. One may, however, 
directly obtain a coaxial line filter by the use of dielec- 
tric beads to effect impedance variations without dis- 
continuity susceptances. The coaxial line, thus, permits 
a theoretically perfect realization of the filter design. 


yit/2 ¥+T2 yitl/2 
v2 12 oe Sie eae. 
Nn? I Nb 1 Pa Ne | 
(a) L____ 
y+it/2 vat/2 ee 
w+ /2 W+iT/2 
Ni 17N Ng 1/N3 


(b) bak 


Fig. 7—Quarter wave and direct coupled line filters. 


B. tris Coupled Filters 


The direct®? and quarter wave coupled!:?:!° iris type 
filters follow directly from Figs. 4-6. A filter comprised 


8 J. Hessel, G. Goubau, and L. R. Battersby, “Microwave filter 
theory and design,” Proc. IRE, vol. 37, pp. 990-1000; September, 
1949. 

9H. J. Riblet, “Synthesis of narrow-band direct-coupled filters,” 
Proc. IRE, vol. 40, pp. 1219-1223; October, 1952. 

10 W. L. Pritchard, “Quarter wave coupled waveguide filters,” 
J. Appl. Phys., vol. 18; October, 1947. 
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of series reactances is simply related to the susceptance 


(iris) type. The iris structures are shown in Fig. 8(a) and 
8(b) where 


1 Be 
0, = — arc cot — 
1 Bn 
(Gh 3 SNe 
1 
Ba = Nn a 
Nn 
1 
B,/! = N,z.N, — ——- 
View 


N/2+8, ¥+/2+0 +d V+TV2+hoths V+N2+hatag VtT/2+ dot 8; 8, 


By ‘ike Bs 


11/2405 +83 


| \ 
B B2 B; 

(a) 

Tate, ¥+/2+26, 


B, 8, Bo Bo B; ais Ti 


(b) 


1/2+8,+05 ¥+M/2+205 


Fig. 8—Direct and quarter wave coupled iris filters. 


The iris realizations are frequency sensitive, since the 
Weissfloch equivalent of the transformer is invariant 
and the physical elements approximating it are not. 
Nevertheless, we may expect the direct coupled filter to 
be the less frequency sensitive realization of the two 
types. 

It will be of interest to remark on the properties of a 
two-section direct coupled iris filter. The central iris has 
an insertion vswr which is the square of that of either 
external iris. Thus, in the high susceptance limit, the 
central iris has a relative susceptance equal to the square 
of that of either external iris. In the low susceptance 
limit, the central iris takes on a susceptance value 
double that of either external iris. The cavity lengths 
vary from a half to a quarter wavelength over the same 
range of susceptance. 


C. Narrow-Band Correspondence to Lumped 
Resonant Elements 


The transfer matrix of the elementary transformer 
cavity of Fig. 1 is given by 


(N2cosy 7 siny 


I, = (4) 


. . > 
2 siny ae 


where the subscript on T indicates the matrix to be that of 
a single cavity. Narrow band approximation is achieved 
by placing 1/N? equal to zero and setting sin W to unity. 
Thus, in the neighborhood of y=7/2 
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dy dw —s) 


Bae re) 


if 
~ |i ol] 


) 


dy ~) 1s (5) 


1 (ow 


Eq. (5) suggests a decomposition into a quarter wave- 
length line and a shunt susceptance 


where the linear frequency variation of the susceptance 
indicates the neighborhood of resonance. 

The susceptance of a shunt resonant network char- 
acterized by a doubly loaded value of Q is given as 


ow 


= 20 —- 


Therefore, 


=| (6) 
Ry aie 

pyar/2 

This relationship may be further simplified to 


nN 2 
N? = ~ (=), (7) 
mim \ qo 


where m is the number of half wavelengths of the cavity, 
and where the zero subscript indicates evaluations made 
at centerband. X, is the guide wavelength and ) is that 
for free space. 

Two narrow band equivalents of the cavity are shown 
in Fig. 9. Cascading the various cavity sections leads to 
a quarter wave coupled series array of lumped series 
resonant elements, a quarter wave coupled shunt array 
of lumped shunt resonant elements, or, finally, a direct 
coupled alternation of series and shunt elements in a 
ladder array. 


34e- *- 


Fig. 9—Narrow band equivalents. 


IV. DESIGN OF QUARTER WAVE TRANSFORMERS 


We may again utilize the symmetric application of 
transformers to a transmission line, but in a different 
fashion from that used earlier. A real impedance mis- 
match may be characterized by a matched load pre- 
ceded by a transformer. We may achieve this represen- 
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tation by an appropriate construction in which the 
transformer used to mismatch the load is part of a filter 
array. 

Consider the direct coupled filter of Fig. 10(a), oppo- 
site, where the additive transformers Vo are included for 
completeness in representing the centerband mismatch 
case. Let us “purloin” a transformer of N:1 ratio from 
the last cavity section and rearrange the transformer ar- 
ray retrogressively, so that the transformers associated 
with any line section are symmetrically arranged. As 
shown in Fig. 10(b), an eventual accumulation occurs at 
the generator end of a transformer of value [];N;:N. 
This may be removed, by simply setting the ratio to 
unity so that 


Il N; =S N, (8) 


a 


where the product extends over every transformer of the 
filter array. If the transformer NV is employed to produce 
a load of relative resistance p, we have 


N = p¥?, (9) 


We then have the final configuration of Fig. 10(c). 

For that frequency for which y=7, the filter of Fig. 
10(a) appears as a single transformer of value IL: so 
that from (9), and given the polynomial insertion loss 


=1+ R,?(cos v), (10) 
we have, 
lo zee 


1+ R,2(1) = 1+ 
4p 


0D ie (11) 


It will be shown in the following section, that any even 
insertion loss function of the form of (10) is realizable as 
a symmetric cavity array, if R, is an mth degree poly- 
nomial. Then, given any even or odd polynomial of uth 
degree F,, (cos ¥), we obtain the following general form 
of insertion loss of the quarter wave section matching 
transformer for the specified real termination im- 
pedance p: 


bate 


(o> ae “y: (12) 


4p F,,(1) 


V. A GENERAL FILTER SYNTHESIS AND ITS REALIZATION 
A. Synthesis 


Synthesis of a filter, to a prescribed even insertion 
loss of polynomial nature of the form of (10), is accom- 
plished by a modification of the Darlington™ synthesis 
procedure, which takes the distributed nature of the line 
lengths into account. 


4S. Darlington, “Synthesis of reactance 4-poles which produce 
prescribed insertion loss characteristics,” J. Math. Phys., vol. 18, 
pp. 257-353; September, 1939. 
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Fig. 10—Development of the quarter wave transformer. 


Define: 
u = cos y, 
p=- 
We now employ a “radical factoring” identity given as 
(p—pi)(b+ bi) (b—b7*) (b+ 2**) 
=| 1492 )O-SVIFP) (OTS VIF P) (0-1 P*) 


(Daten cit p2) (13a) 
where 
p? 
cia ° 13b) 
Dap 


The special case in which 9; is real produces the modified 
identity 


(p — pil(P + Pi) 


= 14+ p2| (@-—SiV1 + POCO +t EWI t+ PD). (14) 


The quantities p; are the roots of an expression that 
will be discussed shortly. These roots appear sym- 
metrically about the origin in the complex plane, this 
array stemming from the even polynomial loss character 
of the filter. The left-hand side of (13) is just the de- 


composition that occurs in the Darlington theory. This 
decomposition is inadequate to describe transmission 
line filters which, as may be seen from the matrix ex- 


pression of (4), require the existence of terms in sin 


as well as cos y. The radical expressions of the right of 
(13) are just the sine of y, giving the motivation to this 
factoring. 

The method of synthesis may be described now. Let 
it be required, to obtain the following even insertion loss 
function, that 


L=1+R,7(u), (10) 


where R,,(u) is an mth degree polynomial. It is appropri- 
ately odd or even from the requirement that 
R,?(u) =R,?2(—u). The insertion loss may also be de- 
scribed in terms of a reflection factor k(u) and we have 
the relationship 


R,?(u) 


| k(uw) |? = k(u) R¥(u) = Th RoW) ; 


(15) 


Employing (8), we may deduce the result 


1+ R,?(u) 
= [X(u) + iv — wY(u) |[X(u) — iV/1 — HY (w)], (16) 
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which is obtained by separating the quantities ¢; into 
the left and right hand planes, respectively. X(u) is an 
nth degree polynomial in uv, and Y(u) is of one degree 
less; both have even squares in w. A sufficient solution 
for k(u) is given by 


R,(u) 


— — = ma (16) 
X(u) + iv/1 — wY(u) 


R(1t) 


Discarding the arguments, we have the input impedance 
function 


tk (X+R,) + ivi — wV 
Pee L eee Tipteiey a CX ORT 


(17) 


The total transfer matrix, subject to necessary condi- 
tions, is obtained through inspection of (3), namely 


( se i (18) 


iVvf1 — sa 
ivi — wY ; 


Reece 


It may now be shown that T,, satisfies certain neces- 
sary conditions aside from satisfying (2). From (16) 


|X + i/f1 —wY |? = X?4+ (1—-w)Y2?=14 R,2 (19) 


T,, is thus seen to possess a unit determinant. Two other 
requirements imposed by the transformer form of repre- 
sentation are satisfied. They are: 1) the off diagonal 
terms are equal; and 2) the off diagonal terms possess 
the proper radical factors. 

The major diagonal terms of T,, are even or odd poly- 
nomials and of mth degree. T;, may be decomposed by a 
“chipping away” procedure, where pairs of equal cavity 


sections are detached simultaneously from opposite sides 


of the filter, such that each element of the residual 
matrix is decreased by two degrees in u. Let TJ, be the 
leading transformer cavity in the array of 7,; then 


Tees = Aiea BPS A gaa (20) 
where 
1 fi : 
—— u —i — 4u 
To=| Ne (21) 
—iV/l — uv? Niu 


We thus obtain the recurrence 


Tn—2k 
25, DES RR el ES Sie AY al Oi pay Bed Agra te rca by cre SAY ta PQ) 
Let 
ak i 1 — uBR: 
ae ence 
1/1 — 0B; bx 


IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


April 


where 
an = frou” —2* + | ee 
By = En—apiy?-**- Pe gee ee 
Og = hgcante” FO” tig opcgter tt ete ini 


and where f, g, and / are constants. 
It may be shown that a choice of 


nah Un—2h-4 Tanah 
Nir = = = (24) 


Sn—2k-1 Nin—2k hin—K2 


leads to a satisfactory determination of the transformer 
value, in that 7,2,» is reduced to proper degree. The 
structure may thus be appropriately reduced, even- 
tually leading, at most, to the residue of a single trans- 
former. This residue occurs only in the case of a filter 
having an even number of sections, since R,?(0) 40. 

As stated earlier, the centerband mismatch may be 
equally well accounted for with the transformer residue 
occurring not at the center of the structure, but being 
formed instead, equivalently, as two transformers ap- 
plied equally to the filter terminals. Considering the 
quarter wave asymmetry inherent in the filter represen- 
tation, these transformers act symmetrically to modify 
the filter characteristic impedance. Fig. 11 shows the 
manner of extraction of the transformer pair. It may be 
determined that 


No = [X(0) + R,(0) }¥*. (25) 
It may be shown, in general, that any admissible 

function X,(u), meeting the requirements stated in this 

paper, always leads to realizable filter structures. }? 


3e{_ Be 


Fig. 11—Extraction of transformers causing centerband mismatch. 


B. Structural Realization 


The line type filter of Fig. 7(b) shows the greatest 
potential for wideband realization. The difficulty related 
to such realization, through the existence of discon- 
tinuity susceptances, may be mitigated by forming the 
individual sections into elementary, maximally flat two- 
section filters. 


2 Corresponding to every admissible polynomial R, there is a 
unique transformer array N72”, based on the above method of devel- 
opment. The filter is unrealizable, if one or more values of N;? goes 
negative. For this to occur, there must first be a region of Rn where 
some of the transformer values either tend toward zero or infinity. 
In either event, one of the elements in the matrix of (21) becomes 
singular, and this may be shown to contradict the finite nature of the 
loss function hypothesized for the filter. 
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Consider an individual section of a compensated 
structure, shown in Fig. 12, in which a value of suscept- 
ance has been inserted at the center of a line section 
double to that value occurring at either end. Given 
small values of the relative susceptance 3, the line sec- 
tion is maximally flat in the neighborhood of a line 
length @=7. Maximal flatness indicates an approximate 
equivalence to a unit characteristic impedance trans- 
mission line with some phase shift alteration. This phase 
shift effect shows up as a modification of line length 
which, for capacitive susceptances, takes on the char- 
acter of a new physical transmission line. Having such 
susceptances, one requires the following mechanical 
length for a half wave section of line: 


oy aD 
2 T 


where the zeros refer to centerband. 


(26) 


9 A=} 
2 2 


Fig. 12—Susceptance compensation. 


The application of (26) is not unique. The sus- 
ceptances occurring at a discontinuity may be absorbed 
between the two adjacent line sections in any arbitrary 
fashion, with susceptive irises possibly added at these 
discontinuities, to equalize susceptance values. The 
method adopted for design in this paper is such that 
each transmission line is made to appear identical to 
every other on a relative basis. The susceptances are 
then, in absolute value, divided proportionally to the 
line admittance at a discontinuity, with whatever posi- 
tive susceptance required added, to provide equaliza- 
tion to other transmission lines. The justification of such 
a procedure is described below. 

Let every compensated section be characterized by an 
impedance Z’ and a length 6’, both functions of fre- 
quency. The ratios of Z’ remain identical with frequency 
from section to section, and all 6’ are equal. The internal 
filter characteristic, therefore, perfectly realizes the 
design in terms of the quantity 6’. Since 6’ differs from 
the ideal line length @ by second order quantities over 
the band of interest, the departure of internal character- 
istics is likewise of second order. Thus, compensation 
deviations of the equalized filter with equal length sec- 
tions are not cumulative with respect to the number of 
sections. A small termination mismatch exists, due to 
the ratio of Z’ to the actual line impedance. This is 
guaranteed small over a relatively large band by the 
choice of the maximally flat sections. 


Seidel: Synthesis of a Class of Microwave Filters 


113 


It is of interest to determine the limitations, if any, 
imposed by the discontinuities on the range of applica- 
bility of the line type filter. Given a junction between 
two rectangular waveguides of the same widths of large 
height ratios, the entire susceptance normalized to the 
smaller of the two guides" of the order of 


b~ oH Ina, 


where a is the ratio of the smaller to the larger height, 
and H is the height of the larger guide. H has an upper 
limit given by higher mode considerations, and 6 has a 
maximum value with respect to a. This value is never 
large, permitting the line type of design, in theory, for 
narrow as well as large bandwidths. 

In the design of a 20 per cent bandwidth maximally 
flat four-section waveguide filter, a maximum suscept- 
ance occurs of value 6=0.15. Since this is of the order 
of the largest susceptance to be expected, some numeri- 
cal data are given in Table I. \go/A, =0.846 gives the 3 
db loss point. 


TABLE I 
COMPENSATED LINE SECTION 


Ag/Xgo 0 6’ Ze 
degrees degrees 
1 180 180 1 
0.85 153 U5 2e2 0.963 
0.80 144 143.8 0.955 


C. Typical Design 


A test case was computed based on the following 
specifications: 
2 inches X 1 inch 
5.0 kmcs 
20 per cent 


Guide internal dimensions 
Center frequency 
3 db bandwidth 


Type of characteristic maximally flat. 


The insertion loss function that results is given by 
1 = 1 + 404 (cos w)® 


The corresponding ideal line section filter is shown in 
Fig. 13. 


1/3.51 71.80 


Fig. 13—Uncompensated 20 per cent bandwidth filter. 


13 Marcuvitz, “Waveguide Handbook, Vol. II,” Mass. Inst. Tech. 
Rad. Lab. Series, McGraw-Hill Book Co., Inc., New York, N. Y.; 
1951. 
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Fig. 14—Filter design employing compensated 
line type synthesis. 
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Fig. 16—Effect of ideal narrow-band synthesis application 
to a 20 per cent bandwidth filter. 
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Fig. 17—Effect of use of narrow-band iris equivalents in 
wide-band filter synthesis. 


Figs. 14-17 show the effects of the wide-band synthe- 
Sis procedure. 

Fig. 14 shows the nature of agreement of the voltage 
standing-wave-ratio characteristics of the synthesized 
compensated line type filter to the specified curve as a 
function of frequency. The deteriorating effects of the 
omission of susceptance compensations are shown by 
Fig. 15. Fig. 16 shows a comparison of the vswr charac- 
teristics of an ideal filter, designed by an unmodified 
Darlington procedure, to the specified vswr curve. Fig. 
17 shows the effects of using an iris type direct coupled 
filter, designed by either the Darlington or radical fac- 
toring procedure. 

Only Fig. 14 demonstrates good agreement to the 
specifications. 
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Single Slab Arbitrary Polarization Surface 


Wave Structure* 
ROBERT C. HANSEN} 


Summary—A single grounded dielectric slab can support either 
TM or TE modes, but cannot propagate both with the same velocity. 
This paper concerns a modification of the single slab which enables 
either polarization to propagate with the same velocity. Such a 
structure could transmit a circularly polarized wave, and would be 
useful in transmission, feeder, and antenna applications. 

The structure consists of a grounded dielectric slab with parallel 
metal plates imbedded in the dielectric, normal to and in contact 
with the ground plane. The plates do not reach the top of the slab. 
Propagation is along the plates, whereas corrugated surfaces propa- 
gate across the vanes. For small plate thickness, the TE field is 
undisturbed; hence, the entire slab thickness controls the velocity. 
The TM field, however, has an electric field component parallel to 
the plates, whichis shorted out by the plates; thus, only the thickness 
of slab above the plates controls this mode, and the two modes can 
be independently controlled. 

Since the plates are not a perfect short circuit, a boundary value 
analysis is given which finds the higher mode amplitudes, and the 
variation of effective short circuit with parameters. This analysis 
sets up a sum of modes in each region, and then solves the resulting 
sets of simultaneous transcendental equations by a contour integra- 
tion-residue theory technique. The theory is illustrated by a specific 
example. 


INTRODUCTION 


URFACE WAVE structures have received much 
S attention in the literature during an interval of 
over fifty years. Most of the interest has been 
centered on two structures of practical importance: the 
corrugated metallic surface, and the dielectric surface, 
with or without an associated ground plane.!? An excel- 
lent survey of the state of the art is given by Zucker, 
with 86 references.* Most of the surface wave antennas 
are of the endfire type.* All these structures, however, 
are essentially single polarization devices. The corru- 
gated surfaces support only TM modes. A dielectric clad 
ground plane will support either TM or TE modes, but 
the propagation constants vary with the physical 
parameters in different fashions. It is not possible to 
design a single grounded dielectric slab to propagate 


* Manuscript received by the PG@MTT, August 6, 1956. The work 
described in this paper was supported by the AF Cambridge Res. 
Ctr., Air Res. and Dey. Command, under Contract AF19 (604)-1317, 
and is an extract of Sci. Rep. No. 9, Hughes Aircraft Co., Culver City, 
Calif. The paper was presented at the URSI Meeting in Washington, 
D. C., May, 1956. 

+ Hughes Aircraft Co., Culver City, Calif. 

1S. S. Attwood, “Surface wave propagation over a coated plane 
conductor,” J. Appl. Phys., vol. 22, pp. 504-509; April, 1951. 

2R. S. Elliott, “On the theory of corrugated plane surfaces,” 
IRE Trans., vol. AP-2, pp. 71-81; April, 1954. 

2F. J. Zucker, “The guiding and radiation of surface waves,” 
Proc. of Symp. on Modern Advances in Microwave Techniques, Poly- 
tech. Inst. of Brooklyn, pp. 403-435; 1954. 

4R.S. Elliott, “Pattern Shaping with Surface Wave Antennas,” 
Tech. Memo. no. 360, Hughes Aircraft Co., March, 1955. 


both polarizations with the same velocity. Hence the 
array factors for the two polarizations differ when a 
given slab is used as an antenna. 

In some transmission and antenna applications it is 
desirable to utilize surface wave structures with circular 
polarization. Two structures which can be designed to 
propagate both TM and TE surface waves with the 
same velocity are the two-layered dielectric slab with 
ground plane and the single-layer grounded slab with 
mode filter. The latter structure is the subject of this 
paper. 

This structure, called the Single Slab Circular Polari- 
zation Structure, consists of a single dielectric layer on a 
ground plane with parallel metal plates or septa im- 
bedded in the dielectric, normal to and in contact with 
the ground plane. Fig. 1 is an artist’s sketch of the 
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Fig. 1—Single slab arbitrary polarization structure. 


structure. Note that propagation is along the vanes 
while corrugated surfaces propagate a wave across the 
teeth. The TE mode has an electric field across the 
vanes, representing the TEM mode in a parallel plate 
transmission line; for small plate thickness the effect of 
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the plates is negligible and the entire slab controls the 
TE surface wave mode. For the TM mode, however, a 
parallel component of electric field is present. If the 
plates are sufficiently close together, this parallel elec- 
tric field is shorted out, and the effective thickness of 
slab controlling the TM wave is nearly the thickness 
above the septa. It is the goal of this paper to determine 
the quantitative behavior of this effective thickness 
with the dimensions of the structure. 


SINGLE GROUNDED SLAB MODES 


The analysis of TM and TE surface waves on a single 
grounded dielectric (or permeable) slab is straight- 
forward, and may be found in the literature.’ Only the 
results are given here. If the surface wave propaga- 
tion constant is 8, and k=w+/ue for free space then the 
parameters of interest are the velocity ratio 8/k and the 
slab thickness kc. The formulas are® 


AER 
tan €; 4 — (B/b? 
TM ke = Gre 2h (1) 
Ser R): 
Au He =i 
sin =a a 
TE ke = : (2) 


Ver — (B/k)? 


which give the thickness required for a slab of dielectric 
constant €,, to propagate each mode with velocity w/@. 
The maximum value 6/k can attain for either mode is 
Ve. A typical curve of B/k vs slab thickness is Fig. 2 
where it is seen that the TM mode is a dominant mode. 


THE SINGLE SLAB ARBITRARY POLARI- 
ZATION STRUCTURE 


The single slab structure with septa was sketched in 
Fig. 1, and is shown in cross section in Fig. 3. The major 
effect of the septa is on the TM mode; thus this problem 
will be attacked. Surface waves are again the desired 
phenomenon; the lowest order TM mode will be as- 
sumed to propagate in the z direction as exp (— jz). 
Unlike the simple case in the section above, a single 
mode cannot exist either in the dielectric-air region or 
in the parallel plate waveguide region. Instead, each 
region has an infinite set of coupled modes, which satisfy 
boundary conditions and, of course, Maxwell’s equa- 
tions. Waves other than surface waves may exist on the 
structure, but attention here will be limited to the sur- 
face waves. The complete field in each region is written 
and the tangential fields at the boundaries are matched. 
This results in the usual infinite set of simultaneous 


5 Robert C. Hansen, “Single Slab Circular Polarization Surface 
Wave Structure,” Sci. Rep. No. 9, Hughes Aircraft Co., Feb- 
ruary 14, 1956. 
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Fig. 3—Single slab structure in transverse section. 


equations in the unknown amplitudes and propagation 
constants. A residue theory technique is then used to 
solve the equations. This scheme augments the physical 
understanding by making explicit approximations but 
appears to be applicable only for plates of quite small 
thickness. The steps will be described briefly. 
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Field Equations in Three Regions 


Except for the dominant TM mode, the field is com- 
posed of modes, transverse magnetic with respect to y, 
derived from the scalar wave solution f: 


E = —— curl curl a,f, 
jue ‘ (3) 


A = curl a,f. 


The reasons for using this type of field will be explained 
later. A y-directed unit vector is symbolized by a,. Since 
the parallel plate region is nonuniform in x, the higher 
modes will vary in x; from this variation may be de- 
duced the y variation. Surface waves with exp (—78z) 
are assumed. This assumption of a single propagation 
constant for the set of modes is valid because at each 
boundary the fields must match for all z. The factor 
exp (—j6z) will be suppressed throughout. 

In Region II the field must be periodic in x with 
period a due to symmetry. The pythagorean relation 
forces the higher modes to be evanescent in y. Again it 
is stressed that propagation is parallel to the plates. 
Thus, 


2m 
f = Bn cos —sinh (Dn yny) mail 4) 


a 
2m? 
€,k? a B? + ( ) = rnes (5) 
a 
The dominant mode is 
Ey = — (By/wee,)B cos (D — yy) 
E, = — (y?/jwee;)B sin (D — yy) 
H, = yB cos (D — yy) (6) 


where B is again the dominant mode coefficient. A de- 
vice which allows this mode to be combined with the 
higher modes is that of replacing dominant mode co- 
efficients by new symbols subscripted zero. Let 


j7B/B = Bo/yo, Do = j(D+ 4/2). (7) 


Three of the components, which include the dominant 
mode, are 


SORTS a1 2mm\? 2mrx 
By =\>5- ) + 6°] co 
m=) J WEE, a a 


-sinh (Din +o Ym) (8) 


JY = Yo; 


2mm x 
E,= SH (BY mB m/ Wee) COS 


™m 


cosh (Dm — ymy) (9) 


21x 


Ha = > 446 B COS sinh (Dm — Ym). (10) 
In Region IJ, the field must have the same x variation 
as in Region IJ, and must decay exponentially in y be- 


cause a surface wave contains its power in a region 
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around the dielectric slab. Then the scalar function to 
use with (3) is 
2mrx 


f = Am COS (11) 


(12) 


The field is readily written from (3) and the above 
scalar, plus E,=(aG/jwe) exp (—ay), Ez=(—a’/jwe) 
exp (—ay), H,=—a exp (—ay). At the dielectric-air 
boundary (y=b-+c) this field must be continuous with 
the corresponding field in Region II, for all x and z. 
Orthogonality in x allows individual terms to be equa- 
ted. In this problem it is possible to match all the tan- 
gential components only if the fields are transverse with 
respect to y, although it is natural to expect the higher 
modes to be derived from a z-directed Hertzian vector. 
The y direction represents a virtual direction of propa- 
gation. Later it will be seen that the waveguide region 
needs a TM field to match the dominant mode £, in 
Region II; to match the guide field, a TM field is needed 
here. At y=b-+c, matching gives two equations which 
are solved to yield 


Ym coth [Dm — Ym(b + ¢)] = G10 


so for m>1 the condition Dn >Ym(b+c) must be valid. 
For m=0, the equation reduces to the analogous form 
of the equation for the single slab 


y tan [y(6 + c) — D] = ea. 


If D were known, then this equation would allow y to be 
calculated. 

For Region III, the parallel plate waveguide region, 
the field is obtained from 


exp (—any), m2>1 


R? = B? + (2mx/a)? — am. 


(13) 


(14) 


NN X 


f= Cysin cosh bn (15) 


€,k? = B? + (n/a)? — 5? 


which gives a field, TM with respect to the y direction, 
and represents waves originating at the discontinuity 
(cell mouth) and traveling in the y direction. Since 
eka <tr, all modes are evanescent. Again the “propa- 
tion” factor exp(—j@z) has been deleted for brevity. 


(16) 


The Approximate Physical Situation 


To make the problem amenable to attack, the septa 
are assumed to be vanishingly thin. This assumption is 
reasonable physically as it is desirable to construct thin 
septa to avoid disturbing the TE surface wave. A 
second assumption neglects the reflected evanescent 
modes in the waveguide region. That is, the wave is 
attenuated so greatly in traveling from the guide mouth 
down to the guide end (ground plane) and back that the 
portion coming back can be discarded. From the equa- 
tions to be given shortly it may be ascertained that the 
nth wave is attenuated by 
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exp (—b/a) 
in traversing the guide. For all practical designs, b>a 
so even for n=1 the reflected wave is negligible. 
The field will thus be approximated; the important 


components are 


ck PEK Gy ni \? 0 5 
DS —| (=) 5 gla ep Gay 
nai J WEE a a 
 .. Mae : 
E, = bd — (BbnC,,/wee;) sin exp (dny) (18) 
nT x 
H,= >, 76C,sin exp (dn) (19) 


Next this waveguide field is matched to the field in 
Region II, at the mouth of one parallel plate “cell,” 
y=b. Only £,, E,, and H, need be written. 


oe) Gr 
pe te 


NT X 
(e,k? + 6,7) sin e'nd 
n=1 ] WEE 
sl aka of 2mrx | 
= >) — (ak? + Ym?) cos sinh [Dn — Ymb | (20) 
m=0 J WEE] 
—Bb,Cr NT x 
sin eond 
n WEE] a 
BY mB m 2mm x 
= cos cosh [Dm — Ymb] (21) 
m WEE, a 
6 EE 
> 76C» sin ebnb 
j 2mnrx 
= 2S FBBm COS sinh [Dm — YmbJ. (22) 
m a 


These equations are the usual infinite simultaneous 
equations obtained in boundary value problems. Next 
multiply (22) by k?/Bwe and add it to (20) to give a new 
equation which, when simplified, is 


NTN 


eo. C. sin einb 
a 
n 
2mrx 


= >> ¥m?Bm COS sinh [Dn — ymb]. (23) 
This equation and (21) will be used to obtain a solution. 
The right-hand side of each may be reduced to a single 
term due to the cosine orthogonality by multiplying 
each equation by cos 2g7x/a and integrating from 0 to 
a. Since the resulting series in n is not uniformly con- 
vergent, one may question the validity of term by term 
integration. The result is, however, correct as may be 
shown by a Green’s theorem argument.® The n series is 
not orthogonal to cos 2g7x/a, and an integral formula 
(Dwight 465) must be used. So (23) and (21) become 


8E. A. N. Whitehead, “Theory of Parallel Plate Media for 
Microwave Lenses,” Proc. I.E.E., vol. 98, pt. III, pp. 133-140; 1951. 
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Bi Mon Gn CXD (0nd) 


(wy42Bq/2€q) sinh (Dy — ye) = Do - - (24) 
n=l n?'— 47° 
odd 
~  —nbnCn exp (bn) 
(1-y_Bq/2€q) cosh (Dy — Ye) = DL ———— (25) 
n=l n® — 4° 
odd 
with e, the Neumann number,’ 
0 qg > 0 
Colas 
1 g=0. 


Note that for n even, C,=0. The pair of equations is 
not yet in the proper form; two simple manipulations 
are needed. 


a 2 
Insert 2? — 49? = (=) Onna 


us 


and multiply the second equation by y,, and add and 
subtract to the first equation of the pair with the result 


(y7a"Ba/2reg) exp (Dy — Yb) 
Nb»C'n EXP (6n8) 


Nes Oiled tees 
One Ya 


(26) 


(¥o"a"Ba/2reg) exp (—Dg + Yad) 


aS 


n On — Ya 


—NbnCn exp (6,0) 


(27) 


iN 


For g>0 the exp(—D,+7,0) represents an attenuated 
wave, a higher order evanescent wave which is reflected 
from the virtual ground plane at y=. The amplitudes 
of these higher order reflected waves are small, and they 
will be neglected. Thus (27) is approximated by 


(1/27) 6,0707a7Bo exp (—Do + ob) 


—NbnCn EXP (670 
Oe OED eS 


On — Ya 


° 
a | 
ia 


The two infinite sets of simultaneous equations, (26) 
and (28), are a good physical approximation to the 
problem and need to be solved for the coefficients B, and 
C, and wave numbers 6; and yo. These equations will be 
solved exactly by function-theoretic methods. 


The Contour Integral Solution 


A contour integral is written whose residues form the 
terms of the series in (28). Then if the integral can be 
uniquely and explicitly determined, the solution is im- 
mediate. This method has been used with appreciable 


7G. N. Watson, “Bessel Functions,” Cambridge University 
Press, Cambridge, Eng., p. 22; 1952. 
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success by Hurd*®:® Whitehead,® and others.!°-” It is 
especially valuable for problems involving a semi- 
infinite region and for these cases can include one re- 
flected wave on each side of the boundary. A general dis- 
cussion of the function-theoretic method is given by 
Karp.¥ 

Consider a complex function f(w) which 


1) has simple poles at 6, n=1, 3, 5, 

2) has simple zeros at y,, g=1, 2, 3, 

3) is elsewhere absolutely convergent in the strict 
sense 

4) tends uniformly to zero as | w| > « 

5) obeys edge conditions. 


Then by choosing a set of contours of increasingly large 
radius, selected to avoid the poles, 


flw)dw 2 (bn) 
= baaf Ve) D5 108 9 (29) 
Cie Wa Yo n=) Once Ya 
odd 
where R(6,) is the residue of f(w) at w=56n. 
If the function satisfies the above conditions, it is 


unique; hence (28) can be compared directly with (29), 
and it is found that 


(1/27) 07a? Bo exp (—Do + ob) = f(vo) (30) 
NOC n EXP (6nb) = R(6,). (31) 
Similarly 
S(w)dw 2. Rn) 
= ‘ =0 (32 
CWP Ye mies Wt 2a, on + Ya Oke 


odd 


which when compared with the set (26) gives the same 
formula for C,, and in addition 


(9970? Bo/ 2meg)iexp (Dg — 40d). = f(a): 
Now by comparing (30) and (33) for g=0, a key equa- 
tion is obtained: 


—f(vo) = exp (—2Do + 2y0b)f(—Y0). 


This determinantal equation relates yo and Do. 

To summarize, if the correct f(w) were known, the 
mode amplitudes would be given directly by (31) and 
(33) and the determinantal equation would give yo in 


(33) 


(34) 


8 R. A. Hurd, “Propagation of an electromagnetic wave along an 
infinite corrugated surface,” Can. J. Phys., vol. 32, pp. 727-734; 
December, 1954. 

9R. A. Hurd and H. Gruenberg, “H-plane bifurcation of rec- 
tangular waveguide,” Can. J. Phys., vol. 32, pp. 694-701; November, 
1954. 
10 Z,. Szekely, “Junction of Two Rectangular Waveguides,” M. S. 
Thesis, Dept of Elec. Eng., Univ. of Toronto; May, 1953. 

u LL, Brillouin, “Wave guides for slow waves,” J. Appl. Phys., 
vol. 19, pp. 1023-1041; November, 1948. 

2 Fr, Berz, “Reflection and refraction of microwaves at a set of 
parallel metallic plates,” Proc. I.E.E., vol. 98, pt. III, pp. 47-55; 
1951. 

13S, N. Karp, “An Application of Sturm-Liouville Theory to a 
Class of Two-Part Boundary Value Problems,” Rep. BR-13, New 
York Univ., New York, N. Y., August, 1955. 
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terms of Do. The next task is to construct the correct 
function. To this end two infinite products which display 
the needed zeros are defined. 


eo 


i(w) = I] (w — y2)(—a/2pzm) exp (aw/2pm) (35) 
Tla(w) = Ul (w — 5»)(—a/pr) exp (aw/pr). (36) 


aa 


It will appear below that the exponential factors make 
the products strictly convergent. Then if g(w) is an en- 
tire function with g(yo) =1, 


Boyo?a? exp (— Do + ob) Ti(w) He(yo) 


37 
2m, (Yo) Il2(w) 


f(w) = g(w) 


which contains the proper zeros and poles and also 
satisfies (30). The investigation of the asymptotic be- 
havior of f(w) is given in reference 5 and the g(w) is de- 
termined from the edge conditions in the same place. 
For p>1 


bp & pr/a, Vp ~~ 2pr/a 


so that 


io 2) 


~][[ [1 — aew/2pr] exp (aw/2pr) 


which is absolutely convergent for all w by Example 1 in 
Whittaker and Watson." Similarly for 'y. From Hansen,* 


g(w) = exp [(w — yo)a In 2/r]. (39) 


The determinantal (34) can now be solved for D in 
terms of Yo. Inserting values for f(yo) and f(—yo) and 
solving for D gives the form 

Thi(—jy)Ue2(7y) 


D= (6b — aln2/m) + (1/27) 1 40 
y(b = a1n2/n) + (1/2) In (40) 


where the original y is now used. 

Note that no approximations were made here. Simpli- 
fying the last term yields the relationship between D 
and 


Dae nD eS (= >| sin pate ). (41) 


p=1 pr 
For most cases, ya/7<&1. Then 


Dea ty bled COACH es (42) 


This expression is the desired relationship among D, 
y, and a. Note that b is not involved due to the neglect 


14 The field must be singular in the proper manner at the septa 


edges. 
1 E. T. Whittaker and G. N. Watson, “Modern Analysis,” 


Cambridge University Press, Cambridge, Eng., p. 34, 1952. 
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of evanescent reflected waves in the waveguide region. 
Result (42) is inserted into (14) to give the final tran- 
scendental equation determining y. This equation is 


ye tan [y(c + a ln 2/x) + (1/6)(ya/m)*] = aac. (43) 


The equation can be solved by a perturbation scheme, 
first finding y without the cubic correction term, then 
using this value in the complete equation and calculat- 
ing a more correct y. It is found that the cubic term has 
negligible effect for all ya where the theory is valid. Thus 
an excellent approximation to (43) is 
ye tan y(c + aln 2/r) = e\ac (44) 
and the “effective height” c* is given very simply by 
c*=c+aln2/r. (45) 


An example, which will be of use later, has been chosen. 
In this example ¢. =4 and kc=0.379 which would yield 
a B/k of 1.05 if the slab were placed directly on the 
ground plane. Fig. 4 contains a plot of B/k vs plate 
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Fig. 4—Variation of propagation constant with septum spacing ka. 


spacing for the example. When the plate spacing a be- 
comes comparable with the plate height b, the evanes- 
cent modes which were not accounted for in the theory 
become important. This fact is observed in the graph, 
as the true B/k can never exceed the value produced by 
the entire slab thickness, regardless of plate spacing. 
That the theory did not allow for reflected modes higher 
than the first in Region II (above the plates) is an 1m- 
portant fact because in practice b will usually be greater 
than a, but c will be less than a. 
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The effective height c* obtained is, except for the 
cubic correction term, just that obtained from the elec- 
trostatic problem of a semi-infinite capacitor. Fringing 
of the field between the inner and outer plates is 
equivalent to adding a section of plate, with uniform 
field, of length (a In 2/7). The virtues of the function- 
theoretic approach are that it indicates exactly what 
approximations are used to obtain an answer and that 
the mode amplitudes can be calculated. Mode ampli- 
tudes have been calculated® for the example quoted; 
Table I compares the higher mode amplitudes to the 


TABLE I 
AMPLITUDE RATIOS AT INTERFACE 


Ratio at Interface | Ratio at Cell Mouths 


m 
1 0.032 0.208 

2 0.0015 0.0780 
3 0.00010 0.0435 
4 0.000009 0.0284 


dominant mode amplitude at the dielectric-air interface, 
and at the cell mouths. The dominant mode in the di- 
electric of Region II originates at the interface and de- 
cays exponentially toward the waveguide cells. On the 
other hand, the higher order modes in the same region 
originate at the cell mouths, where they are needed to 
match the boundary conditions, and decay toward the 
interface. Hence Table I indicates that the higher modes 
are insignificant at the interface but appreciable at the cell 
mouths. 


CONCLUSION 


The Single Slab Arbitrary Polarization Structure is a 
practical structure which should find use in surface wave 
antennas and other devices. Finite spacing of the plates 
lowers the effective short circuit plane by an amount 
proportional to the plate spacing. This fact and the data 
presented allow a structure to be designed for a desired 
B/k ratio. The function-theoretic technique used also 
divulged the mode amplitudes in each region. In the 
parallel plate guide and just above the guides appreci- 
able quantities of higher modes exist. At the trapping 
interface, higher order modes are negligible; thus this 
structure would not degrade the performance of an 
antenna. 

A more precise theory will need to be cognizant of 
reflected evanescent waves in the dielectric region. 


16 W. R. Smythe, “Static and Dynamic Electricity,” McGraw- 
Hill Book Co., Inc., New York, N. Y., p. 103, 1939. See prob. 26. 
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Attention is called to the following two papers, one by R. K. Moore, the other by W. L. 
Pritchard and J. A. Mullen. Since the papers are very closely related, the objection might 
arise that either one or the other should be published, but not both. However, the editorial 
board felt that both papers are deserving of considerable credit, and indeed the subject itself 
is of great interest, not only to microwave people, but to systems people as well. 

Furthermore, although Mr. Moore’s paper was received by the Editor of these TRANS- 
ACTIONS on August 7, 1956, whereas Messrs. Pritchard and Mullen’s paper was not received 
until October 1, 1956, it is only fair to point out that the latter paper had been submitted to 
the Editor of PROCEEDINGS some time prior to September of last year.—The Editor 
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The Effects of Reflections from Randomly Spaced 
Discontinuities in Transmission Lines* 
RICHARD K. MOORE 


Summary—Reflections from randomly spaced transmission line 
discontinuities can cause serious attenuation and distortion of pulses 
in the lines, and the presence of reflections at the sending end may 
be undesirable. The effect of these discontinuities may be described 
in terms of the mathematics for combining outputs from oscillators 
with random frequencies. The location of the discontinuity corre- 
sponds to the frequency of an oscillator. The phase constant of the 
transmission line is analogous to time for the oscillators. Use of 
spectrum and filter analogies permits approximate determination of 
discontinuity locations from measurements. Use of known space and 
size distributions permits statistical prediction of attenuation and of 
size of reflected wave at the sending end. 


RANSMISSION lines often contain small dis- 

continuities which may affect their operation— 

either by causing undesired reflections at the 
input, or by increasing the attenuation over that which 
would be present without the discontinuities.!'~* These 
discontinuities may be regularly spaced due to such 
things as beads supporting center conductors for coaxial 
transmission lines, couplings between individual sections 
of waveguide, or bends associated with the way in which 
a coaxial line was rolled up during storage. On the other 
hand, they may be randomly spaced due to such things 
as random breakage during manufacture, dents in outer 


* Manuscript received by the PGMTT, August 7, 1956. This 
work was done while the author was a consultant to Sandia Corp., 
Albuquerque, N. M. 

t Elec. Eng. Dept., University of New Mexico, Albuquerque, 

1D. A. Alsberg, “More on the sweep-frequency response of 
RG/6U cable,” Proc. IRE, vol. 41, p. 936; July, 1953. 

2W. T. Blackband, “The sweep-frequency response of RG/6U,” 
Proc. IRE, vol. 40, pp. 995-996; August, 1952. 

3D. A. Alsberg, “A precise sweep-frequency method of vector 
impedance measurement,” Proc. IRE, vol. 49, pp. 1393-1400; 
November, 1951. 

4W. T. Blackband and D. R. Brown, “The two-point method of 
measuring characteristic impedance and attenuation of cables at 
3,000 mc,” J. IEE, vol. 93, Part IIIA, pp. 1383-1386; September, 
1946. 


conductors of solid coaxial lines or in waveguide, random 
migration of the center conductor in coaxial lines, either 
flexible or solid, and pinching of a coaxial line by various 
causes. In this paper, expressions are developed for the 
additional attenuation and reflection due to randomly 
spaced small discontinuities. 

For randomly spaced discontinuities, a statistical 
relation has been established between the reflection or 
attenuation-vs-frequency curve and the spacing of dis- 
continuities. It is shown that the mathematics for re- 
flections from randomly spaced discontinuities is the 
same as that for the combination of large numbers of 
oscillators with random frequencies. The technique of 
analysis used to obtain the frequency spectrum for the 
oscillators has been used here to locate the discontinui- 
ties. Our analogy compares the frequency of the indi- 
vidual oscillator with the coordinate (on the transmis- 
sion line) of the individual discontinuity. The time 
variable, in the case of oscillators, is analogous to the 
phase constant of the transmission line. 

The methods shown may be used to calculate the 
effects of discontinuities on attenuation and reflection 
if the sizes and magnitude of the discontinuities are 
known. They may also be used to ascertain, as nearly as 
possible, the size and location of discontinuities by using 
a measurement of the attenuation or reflection as a 
function of frequency. Because this measurement may 
be made over only a limited range of frequencies in any 
practical case, the exact location and number of discon- 
tinuities cannot be specified. Rather, a spectrum may 
be specified which gives the best idea as to the size and 
location of discontinuities which can be obtained with 
any specified frequency range for the measurement. 

Fig. 1 represents a cable with discontinuities spaced 
a distance Ax; apart along its entire length. The reflec- 
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tion coefficient I; for voltage is assumed to be small so 
that only first-order reflections need be considered; 7.e., 
oy <<. 

In the figure and subsequent discussion, 


V+ =incident input; 
V-=reflected wave at input; 
V;=total input=V*t+V-; 
V;=total output; 
y=a+ 8, the propagation constant; 
L=line length; 
n =index of discontinuities; 
N=total number of discontinuities; 
T'=voltage reflection coefficient. 


The voltage reflected back to the origin of the line is 
given, in the notation of this paper, by 
N 


De (Vte atny 6 iBan) (e Atng—IBen) | (1) 


n=1 


a 


Here, the coordinate of the mth reflecting discontinuity 
is given by x,. This equation is made up in the following 
manner. The first bracket represents the magnitude and 
phase of the reflected wave at the mth discontinuity. 
The magnitude of the incident wave at the origin is 
given by V+. The first exponential gives the effect of at- 
tenuation on the line from the origin to the point of dis- 
continuity. I’, represents the magnitude of the voltage 
reflection coefficient, and the second exponential term 
represents the phase shift down the line from the origin 
to the mth discontinuity. The expression in the second 
bracket shows the additional effect of transmitting this 
wave from the reflection point back to the origin, with 
both phase and amplitude terms. In this equation only 
first-order reflections are considered. If |I'| is large 
enough, second-order effects may be significant; so the 
analysis here only applies to small |r| : 

Note also that the effect on the transmitted wave has 
been neglected. In Fig. 1, this effect is shown at the top 
but not at the bottom. 


To simplify the form of this expression for calculating 
the probable amplitude of the reflected wave, the at- 
tenuation factors and the reflection coefficients have 
been combined in one symbol, A, and the two phase 
factors have also been combined. The result is given by 


N 
V— = Vt >> Aneni282n, (2) 
n=1 
If we assume random spacing for the discontinuities so 
that the principal value of the phase term (26x,) may 
with equal likelihood take on any value between zero 
and 27, then we may treat the resulting sum in the same 
way that one would treat the result of combining the 
outputs of a large number of oscillators having fre- 
quency 2x, and time variation as (—{). 

When the conditions stated in the preceding para- 
graphs are met, whether it be for reflections from 
randomly spaced discontinuities or for waves from oscil- 
lators of various frequencies, the mean square value of 
the resultant vector obtained by summing up all the 
components is given by the sum of the squares of the 
various component vectors. This is indicated by 


Asie N 
| Ver | (Vib) a (3) 
n=), 

For time variations, rather than variations with £B, 
this is the same as saying the average power resulting 
from a large number of waves of different fre quencies 
is equal to the sum of the power contained in the various 
waves. This is a well-known phenomenon and applies 
even though the waves are harmonically related. 

Eq. (3) is an average over $, the phase propagation 
constant. If will be recognized that, for the transverse 
electromagnetic mode, 8 varies only as the first power 
of frequency and, therefore, this may also be considered 
as an average over frequency; thus, it might be meas- 
ured by making measurements at a large number of 
frequencies and averaging them. In a waveguide, of 
course, or in an inhomogeneous medium, 8 may vary 
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with some other parameter besides frequency or may 
vary with frequency in a more complex manner than a 
straight linear variation. 

If one is to utilize measurements of the reflected wave 
or transmitted wave to determine an average discon- 
tinuity, or conversely, if one is to use an average value 
of discontinuity to determine the reflected voltage or 
transmitted voltage, it is necessary to separate the 
effect of the reflection coefficient from the attenuation 
in the line. If there is no relationship between the in- 
dividual reflection coefficients and their position on the 
line, that is, if their variations about the average reflec- 
tion coefficient are random and independent of location, 
one may assume 


A, = Te-2%n, (4) 


where I’ represents the mean value of the reflection co- 
efficient. The assumption of random distribution of the 
coordinates x, means that 


dx 


Prob (x < a, < @+ dx) =~ (5) 


that is, the probability of finding x, in any interval dx 
for a line of length L is the length of the interval divided 
by the total length of the line. 

Utilizing this probability, one may compute the ex- 
pected value for the mean square voltage as given by 
(3) by use of the relation 


N Ts ax ear 
B( yy, 4,2) = wf (emes= = == INA (6) 
1 0 


n= 


It should be noted that this represents propagation con- 
tinuously down the transmission line; that is, the entire 
length of the line is illuminated at any one time. 

Eq. (6) defines a mean square value of A which can be 
used in analysis of the performance of lines from meas- 
urements or in prediction of their performance based 
upon knowledge of discontinuities and their location. 
The result is given by 

ee, NIT? 
WV 2 (V4)2 


a 


(le cues) (7) 


From this we can see that the magnitude of the reflected 
root-mean-square voltage is given by 


RTE eet 
ve = (Pe = vty /— 
4aL 


The input voltage to the line is the sum of the incident 
and reflected voltages, as measured at the input. For the 
case discussed above, the input voltage is, therefore, 


given by 
o), (9) 


(8) 


Vig v+(14 
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where @ is the phase angle of V-. 

The relationship of the phase of the reflected wave to 
that of the transmitted wave is important in determin- 
ing the magnitude of the input voltage. The phase angle 
may take on with equal likelihood any value between 
zero and 27, hence 


di 
Prob (9 < dn <6 + da) = (10) 
Tv 


It should be noted that the reflected voltage has a 
magnitude which is known only statistically for any 
given 8. Its variation is the same as that for the magni- 
tude of a white noise voltage since (2) indicates that the 
same representation may be used for reflected voltage, 
with £6 as the variable, as is used for noise voltage where 
time is the variable. 

The distribution function for the reflected voltage is 
called the Rayleigh distribution if the total number of 
terms in the sum of (2) approaches infinity. The 
Rayleigh distribution is the result of an infinite-step 
random walk in a plane, and this is a well-known prob- 
lem of statistics. It is readily seen upon examination of 
the distribution functions for Rayleigh and for finite 
random walks that, at least in the case where all steps 
are equal in length, a five-step random walk gives essen- 
tially the same distribution curve, except in the extreme 
limits, as an infinite number of steps would give. Since, 
in general, one is interested here in the situation in 
which there is a fairly large number of discontinuities, 
one may without large error replace the distribution for 
the resultant voltage with a finite number of discontinui- 
ties by the equivalent Rayleigh distribution. The result 
of doing this is shown by 


NA eee 
Prob (V < | V-| <V+4V) = ae eV indy, (11) 


The distribution of V~- [or (| V-| /V*)e# of (5)] is a 
two-dimensional one given by 


P(V-)dVdo = - P(| V-| )dVd¢. (12) 


eae alten 


It should be noted that this is identical statistically to 
the problem of the combination of a large steady signal 
and a Rayleigh distributed signal.® The resulting distri- 
bution function for the magnitude, converted from 
Rice’s notation to ours, is given by 


Hence 


(13) 


5S. O. Rice, “Mathematical analysis of random noise,” Bell Sys. 
Tech. J., vol. 23, pp. 282-332; July, 1944, and vol. 24, pp. 46-156; 
January, 1945. 
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where J) is the Bessel function of the first kind with 
imaginary argument. One may use this expression to 
calculate the probable loss in the transmission line. The 
ratio of output to input voltage of the line is given by 
Vi HOA es 
Viele Mav V> 


Loss = 1g a8 (15) 


The distribution for loss may be obtained from (14) 
by use of the identity from probability theory 


2 aie 
PCa) = Q()| =| 


If we assume that V; does not vary with 6 (to a first- 
order approximation), the resultant loss distribution 


is given by 
( | Ve | ) 
RP 
V+R 
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Curves of P(| V;| /V*) are given by Rice and others 
so that this probability may be readily plotted. Utilizing 
results which may be derived for V;, we have 


(1 + T)Ne~et 
R?P [| 
R 
(1+ T)%e-et 
Prob [R < Loss < R+ dR]. 


Q(R) = 


ll 


(16a) 


Eqs. (11) and (16a) give the probability of any ampli- 
tude of reflection or loss, respectively. Thus, if one is 
interested in the reflected signal, he may use (11) to 
find the probability of it taking on any value; and if one 
is interested in the attenuation to a transmitted wave, 
he may use (16a). 

Normally, one would not be interested in a reflection 
if the wave filled the entire line as the case of a continu- 
ous wave. On the other hand, if a short pulse were trans- 
mitted down the line, only a portion of the line would 
be illuminated at any given time and a reflected signal 
would occur after the end of the transmitted pulse 
which might have some deleterious or desirable effect 
on equipment located at the transmitting point. When 
the short pulse is used, the integral of (6) must be carried 
out over the limits of the illuminated region as indicated 
in 
ct/2 


e( > An) =M 


eS dx 
CP ersce ’ 


e(t—r) /2 CT ) 


(16b) 


IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


April 


where M is the number of discontinuities illuminated, ¢ 
is the time from start of transmission of the pulse, 7 is 
the pulse length, and all the other quantities are the 
same as in (6). 

The illumination of the line is illustrated in Fig. 2. 
At a given time during transmission of the pulse the 
illumination is as indicated in Fig. 2(a), but the portion 
contributing to the reflection at that time is shown in 
Fig. 2(c). Since the reflected wave must travel down and 
back, only the illuminated region corresponding to a 
round-trip time t will contribute. This has the same effect 
as if the transmission velocity were halved in the line, 
insofar as reflected waves are concerned. Figs. 2(b) and 
2(d) show the situation where the end of the pulse has 
occurred (16b). 


Illumination at time t.. 


0 or after start of pulse | 
ess As 
b) 
c(t- t) ct | 
tort 


Illumination contributing to 
return at time t 


a) 


e(t- tT) ct 


lose 


Fig. 2. 


When this situation prevails, the effect of the reflected 
wave on the total loss is noted as a reduction in ampli- 
tude plus an effect on V;, similar to that involved in 
derivation of (16), in which the reflections which occur 
during transmission of the pulse are the only ones which 
are significant. Thus, in such a case, the integration for 
determining V; modification would have to be carried 
out no further than from zero to } pulse length along 
the line. The transmitted pulse would be distorted at 
different points by an amount determined by carrying 
this integration to an appropriate upper limit. 

Information about the spacing, magnitude, and loca- 
tion of the discontinuities in the line can be found by 
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studying the magnitude of the reflected wave as a func- 
tion of 8. In the succeeding development, it will be as- 
sumed that one is actually measuring the amplitude of 
the reflected wave. This can be done by using a pulse 
to excite a portion of the line, or it can be done by going 
backwards through the development which results in 
(16). 

Consider the reflected wave as a function of 8 as indi- 
cated in 


A(B) = 


Peo 72278 | 


(17) 


This is a quantity which may be measured, provided 
one knows the magnitude of the incident pulse. The 
autocorrelation vs 6 of such a measured function may 
be calculated; (6 would be varied by varying frequency). 
The autocorrelation is given by 


B(8) = lim Ip | 4(s)| | 4(6+6)| db. = (18) 
Fox Jo 


By itself the autocorrelation has no particular signifi- 
cance in this case since we are really interested in the 
space variation, not 6 variation. Typical examples of 
A(@) and B(8) are shown in Fig. 3. 


Transmission Line Quantities Time Series Equivalents 
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R(+) is autocorrelation of f(t) 
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Fig. 3—Reflected wave functions and their time series analogs. 


f(t) 


R(t) 


We may obtain the space variation from the auto- 
correlation by utilizing the relationship that the cosine 
transform of the autocorrelation function is the power 
spectrum. This is used in time series analysis quite fre- 
quently, in which case the autocorrelation vs time is 
computed and the transform is taken to obtain the spec- 
trum of power as a function of frequency. In this case, 
we compute the autocorrelation as a function of 6 and 
transform in such a way as to obtain a power spectrum 
as a function of x. Actually, of course, since there are 
discrete discontinuities, the power spectrum of reflec- 
tion vs x should contain discrete lines; and, in fact, a 
complete Fourier analysis would give the lines. This is 
indicated in Fig. 4. Since we cannot measure a complete 
range of 8, it is not possible to obtain the exact locations 
and magnitudes of the discontinuities. 
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If, instead of a number of discrete discontinuities, 
there were a continuum of small discontinuities, then 
the spectrum would itself be continuous as a function of 
distance. In that case, the magnitude of the spectrum 
would be the reflected power within a length dx at a 
distance x from the origin. Because of our incomplete 
information (due to lack of an infinite range in fre- 
quency), such a continuous spectrum will be obtained 
anyway, and it will give some indication of the location 
of the discrete reflectors. Fig. 5 illustrates this effect, 
and the various quantities used in describing it. 


F(w) 


wo 
F(w) is spectrum of f(t) 


Fig. 4—Discontinuities and time series analogs. 
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Fig. 5—Effect of finite frequency range of measurement on inferred 
distance spectrum of discontinuities, and its time-series analog. 


The expression for determining the spectrum is given 


by 


a(x) = 4 [-4@ cos xGdg. (19) 


Instead of the reflection function A, we will actually 
use a function A, which is measured over the range 
GB, to Bs, since it would be impossible to make measure- 
ments over the entire range of 6 (or frequency). 


126 
B< By 
Bi1<B < Bs 
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Associated with this will be an autocorrelation function 


(20) 


Bula) = [| Au()| | Au + 8)| ab (21) 


0 


and associated with the autocorrelation function will be 
a modified space power spectrum given by 


a,(x) = af B,(B) cos xBdp. (22) 
0 


It is possible to write B, in terms of A instead of A, by 
introducing a function: 


U(s) = 0, B< Bi 
ae a Bi < B < Bo 
= 0, Bo < B. 


When this is done, we have B,, . 


Bie)= [| 


A isa stochastic variable and U may be considered as an 
independent stochastic variable; that is, the probability 
of an occurrence of one should have no effect on the 
probability of occurrence of the other. If we assume this 
sort of independence of A’s and U’s, we may utilize a 
theorem of probability which states that 


A(b)| | A(B + 8) | [UG UG + 8) }db. (21a) 


(23) 


The result of application of this theorem to (21a) is 


B.(8)= {p : 


= B(8)V(8), 


where V is a triangular window function associated with 
the autocorrelation and given by 


V(6) 0); pes—s(8o-—= 53) 
= (1 + 8)(B2 — Bi), (Boba 8 el) 
==) (2 ei), Ons (09 983) 


A(b) | 


A(b+8) | db it “U(b) U(b+B)db 


(21b) 


=: (B2 — B:) < B. (21c) 
In this notation, (22) becomes 
aa) = 4 [  B(B)V(8) cos x84, (22a) 
0 


and a, may also be given in terms of the convolution 


of aandvas 
u(x) = a(x) 40(x) (24) 


where v is the transform of V and is given by 
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The physical meaning of this is that the lines of the 
spectrum, a, are looked at through a space window or a 
space filter v, which has the form of (sin ax/x)*. This 
means that, instead of the discrete lines, one sees each 
line spread out to the shape of v. If the lines are far 
enough apart in the power spectrum (that is, if the dis- 
continuities are far enough apart), then the spectrum 
measured will be a succession of these window functions 
and one can easily locate the individual lines and their 
magnitudes and, hence, the individual discontinuities 
and their magnitude. On the other hand, if the discon- 
tinuities are fairly close together, there will be a jum- 
bling of these responses to the various discontinuities 
and it will not be possible to determine the exact loca- 
tion and magnitude of the individual discontinuities 
but only the average distribution of discontinuities and 
their average magnitude at any given spot. This cor- 
responds closely to the time function situation in which 
one is looking for discrete lines in a frequency spectrum 
but is forced to take an inaccurate determination of 
these lines due to the fact that he must use a finite 
sample rather than observing for an infinite period of 
time. 

Using this method of analysis on the reflected pulse 
should make it possible to determine without too much 
difficulty the location and size of discontinuities. The 
application of this method to the case where loss is 
measured will be somewhat harder because of the com- 
plications introduced by going through the process of 
(15), but still should be quite feasible. 

It has been shown that distribution functions of the 
values for reflected and transmitted waves on a trans- 
mission line with randomly spaced discontinuities may 
be computed if something is known of the probability 
distribution, average size, and number of the discon- 
tinuities. Conversely, it is shown that a measurement of 
transmission or reflection as a function of frequency 
may be used to locate approximately the discontinuities 
causing the reflection. 

The techniques illustrated here should be useful both 
in determining the performance of known transmission 
lines and in establishing the mechanism and location for 
reflections in transmission lines whose discontinuous 
properties are not known. 


(25) 
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The Statistical Prediction of Voltage 
Standing-Wave Ratio* 


J. A. MULLEN} anv W. L. PRITCHARD? 


Summary—The problem of predicting the probability distribu- 
tion of vswr for many randomly spaced discontinuities is solved using 
the ‘‘central limit theorem.’’ Assuming that reflection factors add in 
the complex plane and using the ‘‘central limit theorem” the result 
is shown to be a Rayleigh distribution in terms of the reflection factor. 

The probability of the vswr over a band of frequencies is calcu- 
lated using the concept that this band of frequencies can be con- 
sidered as a number of statistically independent samples. 


DISTRIBUTION FUNCTION FOR VOLTAGE STANDING- 
WAVE RATIO 


HE DESIGNER of microwave systems is faced 
“eee the problem of estimating the voltage stand- 

ing-wave ratio resulting from the combined reflec- 
tions of many components. Typically, a radar system 
may contain an antenna reflector, radome, horn feed, 
polarizing devices, two or three rotating joints, a wave- 
guide switch, duplexer, and perhaps twenty or thirty 
bends, twists, and flanges. In the worst conceivable 
case the over-all voltage standing-wave ratio will be 
the product of the component voltage standing-wave 
ratios. With reasonably attainable values of voltage 
standing-wave ratio for the components this worst case 
is often too horrible to contemplate. Conversely, an 
acceptable value of maximum over-all voltage standing- 
wave ratio leads to impossibly small values for the 
components. An exact computation of the over-all volt- 
age standing-wave ratio from the values of component 
voltage standing-wave ratios and line lengths is extra- 
ordinarily complicated. Even worse, the line lengths are 
often not known until late in the system development 
and long after the components are designed. In the past, 
equipment designers have relied on accumulated experi- 
ence to estimate the practical result, z.e., to take ad- 
vantage of the small statistical probability that the 
individual mismatches will combine to give the worst 
case. 

It is the purpose of this paper to treat the problem 
statistically, 7.e., to obtain the distribution function 
of over-all standing-wave ratio in terms of the number 
of discontinuities and their mean squared reflection 
factor. 

Note that we are not considering the production 
problem of quality control which is that of predicting 
the variation of voltage standing-wave ratio of an assem- 


* Manuscript received by the PGMTT, October 1, 1956. 
+ Raytheon Mfg. Co., Waltham, Mass. 
t Raytheon Mfg. Co., Wayland, Mass. 


bly when the line lengths vary from their design values. 
This problem has been dealt with by Brown. 

In order to make the problem analytically tractable 
we assume that the reflection factors (complex) add, 7.e., 


n 


De vee? 


7 = 
t=1 
Y= Di vicos 26;+ 7 D> yi sin 26; 
cal! 1 
Y = Ye + Sve: (1) 


This is a reasonable approximation if the magnitude of 
the individual reflection factors are small. Practical sys- 
tem designs usually involve magnitudes of y well within 
these limits. It should be noted that, mathematically 
at least, this assumption permits over-all magnitudes of 
y greater than unity, which is physically impossible. 
However, the mathematics will also show that the prob- 
ability of y anywhere near unity (where the additive 
approximation is invalid) is exceedingly slight. 

We further assume that the line lengths between dis- 
continuities are independent of each other and that all 
values of @ between 0 and 27 are equally probable. 
These assumptions seem reasonable in view of the fact 
that electrical line lengths in a complicated microwave 
system are generally much longer than 27 and are chosen 
for random mechanical reasons. 

We finally assume that , the total number of dis- 
continuities, is large (n>8). If the system has periodic 
discontinuities, e.g., flanges recurring at equal intervals, 
they should be considered as a single discontinuity, the 
magnitude of which is calculable separately and exactly. 

These assumptions are sufficient to use the “central 
limit theorem” of probability theory.? 

The central limit theorem can be stated for our pur- 
poses as follows: the joint distribution function of the 
real and imaginary parts of the sum of a large number 
of independent complex random variables asymptotical- 
ly approaches normal regardless of the distribution 
functions of the individual random variables.* 

Eq. (1) for the complex reflection factor is the sum 
of a large number of independent random variables 


1L. W. Brown, “Problems and practice in the production of wave- 
guide transmission systems,” Proc. IEE, vol. 93A, pp. 639-646; 
1946. 

2 J. V. Uspensky, “Introduction to Mathematical Probability,” 
McGraw-Hill Book Co., New York, N. Y. ch. 15; 1947. 

3 There are only slight restrictions not applicable here. 
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and, as such, comes within the scope of the central limit 
theorem. 

The joint distribution of the real and imaginary com- 
ponents of ¥ is now given in the two dimensional normal 
form.‘ 


Wy=, Yu) 


Ye — ry + a 


1 
sar ————— Ds 
2ro24/1 — 7? 


- 2 
207(1 — r?) 2) 


Eq. (2) is the joint normal distribution where the 
mean values of yz and y, vanish and where the mean 
squared values are equal and calculated as follows: 

v2 = dD. dS yi cos 26+; cos 26). (3) 
ti 

In averaging the right hand side over 6; and 6; their 
independence when 14j causes their joint average to 
be the same as their separate averages, and the uni- 
form distribution of 0; and 6; causes these averages to 
be zero. Thus we can write 


Y27 = D. vi? cos” 28; (4) 


= >> y22 cos? 26;. (4a) 

Since 6; is uniformly distributed we can make use of 
the fact that the mean squared value of a cosine is equal 
to 4 and write: 


I 


“bo 


1/2 Dv (5) 
Similarly 
w= 1/2 Dae 
and by definition 


(Sa) 


We must now calculate 7, the correlation coefficient, 
which is defined as follows: 


CF = V2 y- (6) 


Using an argument identical to that following (3) we 
proceed: 


q 
w 

x 
lI 


yy, De 7: cos 267y; sin 26;6;; 


] 


I 


ye 7y;° cos 20; sin 26; 


I| 


1/2 >> y:2 sin 40;. 


4H. Cramer, “The Elements of Probability Theory,” John Wiley 
and Sons, New York, N. Y., ch. 9, sec. 4; 1955. 
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Thus 
or = 0. (6a) 
Now, we can write the joint distribution simplified as: 


seer Ca an ). (7) 


Doe 


Wya%y) = z 

270" 

Since we are seeking the distribution of the magnitude 

of the reflection factor we must transform from rectan- 
gular to polar coordinates. 

The element of area goes from dy,dyy to ydyd@. With 

y, and y, expressed in polar coordinates, the joint den- 

sity function becomes 


e720 dy do. (8) 


1 
Wy ry Yu) dy 2dYy = 
2a 


2 


From the definition of W(y, @)° we have that 


e-1/20”, (9) 


2) 


vi 
Wy, oO) = 
2, 
By integrating over 0 the distribution of y is seen to be 


W(y) = Yee? (10) 
co 

This is the well-known Rayleigh distribution. In fact 
we have just rederived in a different context the two 
dimensional “random walk” problem for a large num- 
ber of steps.*-§ 

The value which maximizes W(y) is defined as the 
most probable value of y and is designated ym. Since 
Ym is found equal to a, we have 

Wy) = a eV 2m” (11) 
Wane 

The distribution of over-all reflection factor has been 
plotted using (11) for representative values of y» in 
Fig. 1. Note that the smaller y,,, the sharper and higher 
is the distribution function. The most probable value, 
Ym, is calculated from the individual reflection factors 


as follows: 
1 ( n 1/2 
Vern A= SOB Beer x] . 
NN et 


If yo is the rms value of the y,’s, we can rewrite (12) 
to show explicitly the dependence on 7 as 


nm 
Yn = > Yo- 


5 W(vy, 6) stands for the probability density of the random vari- 
able within the parentheses and does not reprersent the same function 
for different random variables. 

6 L. Rayleigh, Phil. Mag., vol. 10, p. 73; 1880. 

7K. Pearson, Drapers Co. Res. Memo No. 4, Biometric Series 
No. III; 1906. 

8 J. L. Lawson and G. E. Uhlenbeck, “Threshold Signals,” Rad. 
rer Ser. No. 24, McGraw-Hill Book Co., Inc., New York, N. Y.; 


(12) 


(13) 


Mullen and 
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° +25 a) as ! 


af 


Fig. 1—Probability density of reflection factor with the most 
probable over-all reflection factor as parameter. 


We note that the probability density in the region 
where the additive approximation becomes questionable 
(y=0.5) is extremely small. 

The probability P(y) that the reflection factor is less 
than y is given by 


Helo is fo wore ig: haem a ae (14) 


The convenience of the results is increased by writing 
the probability in terms of p, the vswr, rather than y. y 
and p are related by 


(1S) 


Defining pm to correspond to Ym using (15), we can 
write 


roy= ten faCEN(ELN}. 0 


P(p) is plotted in Fig. 2 for the same values of p, as 
in Fig. 1. These curves can be used to compute the prob- 
ability that, among a large number of possible designs 
with the same set of discontinuities, the vswr of a par- 
ticular design will be less than p. Note that the probabil- 
ity of being less than p,» is only 0.4, so that p, is not a 
conclusive design parameter, but for moderately larger 
values of p the asymptotic approach to unity is rapid. 

To plot these results in a still more useful form we 
define p.g as that value of vswr that we have only a ten 
per cent probability of exceeding. From (14) we find 


y.9 = V2 Log 107m = 1.52/nY¥0 (17) 


Pritchard: Statistical Prediction of Voltage Standing-Wave Ratio 
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Fig. 2—Cumulative probability of voltage standing-wave ratio with 
the most probable over-all reflection factor as parameter. 


whence 


date yz 


= (17a) 
[he cy-6 


p.9 
Eq. (17), using the variable of (17a), is plotted in 
Fig. 3 for representative values of ». These curves 
permit a system designer to predict, given a number of 
discontinuities and their typical values, a very conserva- 
tive result for the over-all vswr. Using the preceding 
methods a set of curves is easily constructed to predict 
a less conservative result, e.g., P(p) =%. 


Gath 
1.8-— 


20 


jx = 


| ARO! 


1.0 1.05 1.10 11S 


Fig. 3—The value of vswer exceeded in only 10 per cent of the pos- 
sible designs plotted vs the vswr of a typical discontinuity, with 
the number of discontinuities as a parameter. 


PREDICTION OVER A WIDE-FREQUENCY BAND 


So far the theory has considered results at a single 
frequency only and cannot be used to predict results 
over a band of frequencies. We have approached this 
latter problem by considering it as a “sampling” prob- 
lem. In other words, if the frequency range is wide, we 
actually have a multiplicity of problems, each the same 
as that solved in the first section. The difficulty, of 
course, is in deciding how many independent samples 
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the frequency band contains. We estimate this number 
and show that the answer is insensitive to this estimate. 

There are two possibilities, that the reflection factor 
is greater than y or less than y. The joint probability 
that in JN tries, represented by the V independent fre- 
quency points, there will be N favorable results, 7.e., 
vswr less than y, is simply P’(y).° 

PN (y) is plotted in Fig. 4 using a normalized abscissa 
scale. Note that for a constant probability the value of 
y varies about as log V. This dependence is insensitive 
to N which is fortunate since the awkward aspect of this 
problem is in deciding on the number of independent 
frequencies. 
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Fig. 4—The cumulative probability that the reflection factor is less 
than y in a bandwidth B plotted against y/Ym with the number 
of independent samples (determined from B) as parameter. 


Our method is based on the following considerations. 
When the frequency has changed sufficiently that the 
average electrical length between discontinuities has 
changed by 7, the individual reflection factors have 
changed their phases enough so that their sum can be 
considered as a new random variable. On this basis, V 
is given by 


ae (18) 
a 


Ik 
oN 

This estimate of NV is optimistic and realistic system 
planning should use a value of NV probably twice that 
given by (18). 

In many typical systems, one length (e.g., a smooth 
run from transmitter to antenna) is much longer than 
any of the others. This problem should not be considered 
statistically on an over-all basis, but should be resolved 
into two or more separate statistical problems, whose 


9 We have used y rather than p as an independent variable in 
order to achieve a universal curve, 
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results are combined by conventional methods. In other 
words, at some point in the frequency band, correspond- 
ing to a single independent sample, two groups of dis- 
continuities separated by a very long length of line will 
combine in the most unfavorable phase; so that the 
most probable vswr is the product of the most probable 
vswr’s of the separate groups. 

If the magnitude of the vswr’s of the individual dis- 
continuities varies over the band, a conservative ap- 
proach to system design would use the largest values in 
calculating Yo. 


CONCLUSION 


We have determined the probability distribution at 
a single frequency for many randomly spaced small 
discontinuities, and plotted results in several convenient 
forms. This theory has been extended in an intuitive 
fashion to cover a band of frequencies. 


List OF SYMBOLS 


magnitude of over-all reflection factor. 
over-all complex reflection factor. 
yy: magnitude of the reflection factor of the ith 
discontinuity. 
y, real component of over-all reflection factor. 
Y, imaginary component of over-all reflection fac- 
tor. 
Yo rms value of the y,’s. 
Ym the most probable value of y. 
X midband wavelength. 
6; electrical line length, in excess of a whole num- 
ber of 27’s, to zth discontinuity. 
n total number of discontinuities. 
r correlation coefficient between yz and Yy. 
o standard deviation of either yz or Yy. 
0) iF] 
63° Kronecker delta 6;; = \ Ree 
1 t=] 
L average length between discontinuities. 
probability density (distribution function) of 
variable included in parentheses. 
N number of independent samples in the system 
bandwidth. 
p over-all voltage standing-wave ratio. 
p.g that value of over-all vswr exceeded in only 10 
per cent of the possible designs. 
Pm the most probable value of p. 
the probability that the random variable is 
less than the value in parentheses. 
B total system bandwidth. 
f midband frequency. 
— a bar over any term indicates the taking of its 
arithmetic mean. 
Af frequency spacing between independent sam- 
ples. 
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Performance of Three-Millimeter Harmonic Generators 
and Crystal Detectors’ 


J. M. RICHARDSON} anv R. B. RILEY 


Summary—Because of growing applications of millimeter wave 
measurements, a fairly thorough investigation of what could be 
expected from sources and detectors in the 3 mm region was made. 
The sources consisted of fourth-harmonic generators from a 1.25 
cm fundamental. A type of crystal holder for both harmonic genera- 
tors and detectors in which a small crystal wafer is positioned in the 
broad wall of the millimeter waveguide, being contacted by a whisker 
passing across the waveguide (the open-guide type) was found to be 
superior in general to units using crystal cartridges or modifications 
thereof. Factors affecting the performance of these units have been 
investigated statistically. It was found that the short-circuit current 
sensitivity in microamperes per microwatt of a good crystal detector 
of the type described above is not greatly less than the value for 
crystals at lower microwave frequencies, so that the minimum detect- 
able signal is about the same. As an additional result, evidence for an 
important effect in which the harmonic generation process degrades 
the signal-to-noise ratio of the source is presented and discussed. 


INTRODUCTION 
‘Tp HE GROWING number of applications for milli- 


meter waves in the last few years has increased 
the need for convenient sources and detectors of 
wide dynamic range. In most applications, such as 
microwave spectroscopy, microwave optics, or dielectric 
measurements, coherence and excellent monochromati- 
city are primary requirements. These requirements vir- 
tually dictate that the millimeter waves be produced by 
harmonic generation in a nonlinear element such as a 
crystal diode excited by radiation from a microwave 
vacuum tube source. There are numerous reports of 
such devices.!~4 
During construction of a precision millimeter wave 
interferometer, it became desirable to produce a source- 
detector combination at 3 mm possessing large signal- 
to-noise ratio, freedom from spurious modulations, and 
convenience of operation. The latter requirement indi- 
cated a simple crystal rectifier or bolometer type of 


* Manuscript received by the PGMTT, September 4, 1956. Part 
of this work was carried out under a program of research and develop- 
ment in basic instrumentation cooperatively supported by ONR, 
AFOSR, AEC, and NBS. 

7+ Nat. Bur. of Standards, Boulder, Colo. 

t Hewlett-Packard Co., Palo Alto, Calif. Formerly with the Nat. 
Bur. of Standards, Boulder, Colo. 

1C. H. Townes and A. L. Schawlow, “Microwave Spectroscopy,” 
McGraw-Hill Book Co., Inc., New York, N. Y., 1955. 

2J. A. Klein, J. H. N. Loubser, A. H. Nethercot, and C. H. 
Townes, “Magnetron harmonics at millimeter wavelengths,” Rev. 
Sci. Instr., vol. 23, p. 78; February, 1952. 

3C, M. Johnson, D. M. Slager, and D. D. King, “Millimeter 
waves from harmonic generators,” Rev. Sct. Instr., vol. 25, pp. 213- 
217; March, 1954. 

4W. C. King and W. Gordy, “One-to-two millimeter wave spec- 
troscopy. IV. Experimental methods and results for OCS, CH3F, and 
H.O,” Phys. Rev., vol. 93, pp. 407-412; February 1, 1954. 


detector rather than a superheterodyne type. [Johnson 
and Schlesinger® have described a superheterodyne re- 
ceiver in which the mixer crystal is driven by a (swept) 
local oscillator near the same fundamental frequency 
from which the signal harmonic is generated. The signal 
then mixes with the local oscillator such that a high 
order beat near the IF can be recovered. ] If the sensi- 
tivity of the simpler crystal or bolometer should prove 
adequate, then of course it would be the best for the 
application at hand. Thus, a fairly extensive investiga- 
tion of performance of such generators and detectors 
was made with the purpose of finding the combination 
of variables best satisfying the above requirements. 


MEASUREMENT 


The measuring apparatus is shown in Fig. 1, which 
is largely selfexplanatory. The slotted section was in- 
cluded to determine the degree of match into the multi- 
plier produced by the E/H tuner. The waveguide lead 
from multiplier to detector would not support any 
harmonics of 1.25 cm below the fourth. 
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Fig. 1—Block diagram of measuring apparatus. 


A drawing of the multiplier unit is shown in Fig. 2. 
The detector units were similar, but with the omission 
of the large waveguide. These units were modelled 
closely on the design of Johnson, Slager, and King,’ 
and are designated as open-guide types. Two units of 
each were tested to see if significant performance differ- 
ences occurred in units presumably machined in the 
same way from the same drawings. 

5 C. M. Johnson and S. P. Schlesinger, “Superheterodyne receiver 


for the 100 to 150 kMc region,” Johns Hopkins Univ. Radiation Lab., 
Internal Memo., June 21, 1954. 
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2 
A. 


1 
INCHES 


Fig. 2—Assembly of 3 mm multiplier unit. Crystal, 10; RG-66/U 
fundamental waveguide, 27; RG-138/U harmonic waveguide, 
20; shorting stub, 9; bias connector, 24; contact adjusting knob, 
15; fitting for coolant gas line, 19. 


Silicon wafers extracted from several different com- 
mercial crystal cartridges were used. These included 
type 1N31, 1N32, 1N26, and 1N78, made by one manu- 
facturer and type 1N26 made by another manufacturer. 
Although all these crystals are generally fabricated from 
the same source of silicon, differences in rf performance 
nevertheless do appear, and are the basis for classifica- 
tion by type number. It was asked whether differences 
accounting for the various classifications also produced 
differences in 3-mm performance. Two samples of each 
crystal type were tested. Difficulty was experienced in 
mounting 1N53 wafers on the crystal posts of our units, 
so that after one measurement ona 1N53 wafer indicated 
good but not outstanding performance, further attempts 
to use them were abandoned. 

The question was asked whether silicon surface con- 
dition influenced performance. One surface condition, 
designated as “original,” resulted from merely wiping 
the wafer clean and rinsing with alcohol. Another con- 
dition, designated as “cleaned,” resulted from a thor- 
ough cleaning in concentrated sulfuric acid. A few ob- 
servations were made on crystals freshly etched electro- 
lytically in hydrofluoric acid. 

Three states of whisker point condition were studied, 
“straight,” “convex,” and “used,” as shown in Fig. 3. 
The first two were produced by slightly differing tech- 
niques of electrolytic pointing. The used point was one 
which had contacted a crystal once or more and had usu- 
ally become blunted or bent. 

Provision was made for conveniently biasing the mul- 
tiplier units with various combinations of resistance 
and voltage. 
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Fig. 3—Sketch of whisker point conditions: (a) straight; (b) 
convex; (c) used. 


Multiplier performance was measured in terms of 
the indication of a commercial bolometer detector in 
RG-98/U waveguide size with taper to RG-138/U size. 
The observations are reported in Table I, opposite, as 
average 3 mm output power expressed in db above 1 uw. 
Because of ignorance at this wavelength about mount 
efficiency and the validity of dc-rf substitution, the ab- 
solute power quoted may be in error by 3 db as a best 
guess, but the relative values should not be seriously af- 
fected. Contact between whisker and crystal was made 
with only a few milliwatts incident. Contact force and in- 
cident power were then increased alternately, maintain- 
ing bias resistance and all tuning controls optimized. 
Each entry in Table I represents the best of two or three 
contacts. The best was chosen rather than an average 
because anyone desiring millimeter wave power will usu- 
ally reject poor, average, or even good contacts until an 
outstanding one is achieved. 

Detector observations are reported in Table II and 
represent the 1000 cps detected output of a detector 
expressed in db above 1 pv into a 600-ohm load with 
5 uw average power, square-wave modulated, incident on 
the detector, tuning and bias controls being optimized. 

What was observed was essentially the conversion 
efficiency of the crystals, first in converting 24 kmc 
power to 96 kmc power, and then in converting modu- 
lated 96 kmc power to audio power. Strictly speaking, 
it is not these quantities but rather the attainable signal- 
to-noise ratios which are of critical interest. The meas- 
urement of a signal-to-noise ratio is much more incon- 
venient and unreliable to make, however, so that in a 
practical case where the worker is seeking a good multi- 
plier or detector, he will probably use the conversion 
efficiency as a criterion. The writers believe on the basis 
of experience that this criterion is valid; z.e., the signal- 
to-noise ratio for given operating conditions is greater 
for a crystal of greater conversion efficiency, although 
perhaps not proportionately greater. The situation is 
further complicated by the dependence of both the con- 
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TABLE I 
OBSERVATIONS ON 3 MM MULTIPLIER Units* 
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TABLE III 
STATISTICAL RESULTS FOR MULTIPLIERS 


Multiplier 
Unit Cc D 
Spc Original Cleaned Original Cleaned 
Point Con Con- Con- Con- 
Condition vex Used vex Used vex Used vex Used 
1N31 a 9.5 6 — — Sis53 fr: SS 
b 8 —4 —_ — 5 —2 —- — 
ING 22 ea 1255 4 — — 12 8 13.5 — 
b 11 6 — — 12.5 — 14.5 — 
1N26 a 11 1 — — 12 8 —- — 
Mfg. 
SAUD 13 3 — — 14.5 —1.5 17 — 
1N26 a —_- — —_— a= 11 
Mfg. 
CNB Wy 12 — — = 12.5 — —_- — 
1N78 : 10.5 —2 — = OF Sid: —- — 


_ * Entries are expressed in db above 1 uw (average) of rf power 
with 100 mw (average) incident on the multiplier. Designations a, b, 
refer to assigned sample numbers. 


TABLE II 
OBSERVATIONS ON 3 MM DETECTOR UNITS* 

Detector 
Unit A B 
Cn ale Original Cleaned Original Cleaned 
Point Con- Con- Con- Con- 
Condition vex Used vex Used vex Used vex Used 
1N31 a 66 64 — = 56 60 — — 

b 62 48 —— ~- 54 56 — — 
1N32 a 60 49 — — 46 — _- —- 

b 60 50 66 62 48 a a -- 
1N26 a 46 50 — —- 54 — os _- 
Mfg. 

AG One 40, 60 — — 50 —— — —_- 
iN26 a 48 — — = == = — — 
Mfg. 

Cy Baa 56 62 — — 42 — — — 
1N78 a 54 60 — — 52 a — 

b — 


* Entries are expressed in db above 1 pv into a 600-ohm load with 
5 uw (average) incident on the detector. Designations a, b, refer to 
assigned sample numbers. 


version efficiency and the generated noise on input 
power, and results on these effects are forthcoming from 
another investigation in this laboratory. 


RESULTS 
Statistically Significant Results 


The wide range of the data as experimental conditions 
were varied indicated that a statistical analysis should 
be used to distinguish true effects from experimental 
fluctuations. Some parts of the experiment may be con- 
sidered complete factorial experiments in that all levels 
of all factors of such a part are represented. The factors 
involved are type of silicon, number assigned to the sam- 
ple (a random assignment included only for replication), 
the manufacturer, the multiplier (or detector) unit, the 
silicon surface treatment, and the whisker point condi- 


Approximate 


Factor Result ‘Ainaae 
Type Silicon 1N31<1N32<1N26 | 0<3<4db 
Assignment of Sample No. | Null Within 3 db 
Manufacturer Null Within 3 db 
Multiplier Unit Null Within 3 db 
Surface Treatment Original <Cleaned 2 db 
Point Condition Used < Convex 8 db 


“<” means “better than” by the indicated amount. 


TABLE IV 
STATISTICAL RESULTS FOR DETECTORS 
Relative 

Factor Result Aqmeurit 
Type Silicon 1N26<1N32 <1N31 0<4<10 
Assignment of Sample No. Null Within 8 db 
Manufacturer Null Within 25 db 
Detector Unit Null Within 8 db 
Surface Treatment Null Within 19 db 
Point Condition Null Within 8 db 


“<” means “better than” by the indicated amount. 


tion. Such results can be analyzed by the statistical 
technique called “analysis of variance”® which will 
supply a test as to whether either main effects or inter- 
actions of the various factors are statistically signifi- 
cant. The results are summarized in Tables III and IV 
above, in which a significance level of 10 per cent ap- 
plies; that is, the existence of a positive effect would be 
concluded only 10 per cent of the time in the long run if 
in fact the true effect were null (z.e., not significant). An 
indication of the “resolution” of the result or fineness of 
detection of an effect is given in each case. Interactions 
between factors were not found to be significant. 

The generalizations worth drawing are as follows: 


1) Essentially the same performance can be expected 
from different holders (either multiplier or detec- 
tor) made from the same machine drawings. 

2) Essentially the same performance can be expected 
from different samples of a given type of silicon, 
for either multiplier or detector. 

3) For a multiplier, silicon from 1N26 cartridges ex- 
cels that from 1N32 cartridges, which in turn ex- 
cels that from 1N31 cartridges. For a detector the 
inverse order of silicon type is true. Silicon from 
1N78 cartridges was not greatly different from 
that from 1N31 cartridges, for either multiplier 
or detector. 

4) For a multiplier, the first contact of a properly 
sharpened point is essential. For a detector, the 
point condition is largely immaterial. 

5) A cleaned silicon surface is beneficial in a multi- 
plier, and may be so in a detector. 


6 See any standard text on statistics, for example, Bernard Ostle, 
“Statistics in Research,” Iowa State College Press, 1954. 
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6) The resolution of the experiment was not sufficient 
to disclose any difference in performance due to 
manufacturer. 


Miscellaneous Observations and Inferences 


Although the above results are the only statistically 
significant ones emerging from the investigation, it may 
be helpful to enumerate a host of miscellaneous obser- 
vations made during the course of this work, and which 
we believe to be true. Statistical testing of the hypothe- 
ses listed below was not made simply because it did not 
seem worthwhile. 

Results with “straight” points were in every case 
bettered with a “convex” point, possibly because the 
convex point was stronger and less subject to bending. 

Observations on an electrolytically etched crystal 
showed improved detector performance but essentially 
no improvement in multiplier performance. 

In addition to the open-guide multiplier studied 
above in detail, a survey was made of other types 
readily available in the laboratory. The best perform- 
ance of the various types is indicated for comparison 
below, under conditions of 100 mw average incident 
power, square wave modulated. 


1) Open-guide type. Best output (Table I), 50 uw’ 
(Best efficiency observed at 5 mw in, 5 uw out.) 

2) Windowed 1N26 cartridges. These were commer- 
cial 1N26 cartridges in which windows had been 
cut to expose the whisker. The cartridge was 
mounted in RG-66/U waveguide and the window 
looked into RG-138/U waveguide. Best output, 
5 pw. 

3) Windowed 1N53 cartridges similar to 2) above. 
Performance was worse than the windowed 
1N26’s. 

Similarly, a survey of various other types of readily 
available 3 mm detectors was made. The best per- 
formance of the various types is indicated for compari- 
son below. The experimental arrangement was 5 pw 
average incident power, square wave modulated, with 
600-ohm load on the crystal detector. Figures given are 
microvolts across this load. 


1) Open-guide type. Best output (from Table IJ), 
2000 pv. 

2) 1N53 crystal cartridges in RG-96/U (30 kmc) 
commercial waveguide mount, with taper from 
RG-96/U to RG-138/U. Best output of 20 dif- 
ferent cartridges, 275 uv. 

3) Windowed 1N26 cartridges, the window looking 
into RG-138/U waveguide. Best output 100 uv. 

4) Wafer bolometer in RG-98/U waveguide mount, 
with taper from RG-98/U to RG-138/U. Bias cur- 
rent of about 3 ma. Output, 100 pv. 

5) 1N26 crystal cartridges in RG-66/U (24 kmc) 
commercial waveguide mount, with taper from 
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RG-66/U to RG-138/U. Best output of 40 dif- 
ferent cartridges, 65 pv. 

6) Windowed 1N53 cartridges, similar to 3) above. 
Performance was worse than windowed 1N26’s. 


A typical variation of 3-mm output power vs K-band 
input power in an open-guide multiplier with a 1N26 
crystal chip and a good contact is shown in Fig. 4. 100 
mw was chosen as a standard input power because it 
was about the maximum power that could be applied 
to the open-guide multipliers without causing rapid 
deterioration of the harmonic power with time. It was 
found that some contacts deteriorated quite rapidly at 
this power level while other contacts were stable. In 
general, the contact force had to be fairly heavy to 
minimize deterioration. 
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Fig. 4—3-mm output power vs K-band input power for an open- 
guide multiplier with a 1N26 crystal chip and a good contact. 


DIscUSSION 
Sensitivity and Minimum Detectable Signal 


The short circuit current sensitivity was found to be 
0.75 wa/uw for the best 3-mm detector. This is to be 
compared with the frequently given value of 1 wa/yw 
for a good crystal at lower microwave frequencies, such 
as S-band. It is seen that the detection sensitivity has 
not suffered greatly by working in the millimeter region. 
On the other hand, as pointed out above, there are un- 
suitable crystal detectors whose sensitivity is as poor or 
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worse than that of the inherently insensitive bolometer. 
This figure allows an estimate of minimum detectable 
signal of —83 dbm (5X10-!2 w-sec!/?) to be made as- 
suming 1 cps bandwidth, amplifier noise figure of 4, and 
video impedance of 5000 ohms. Thus with the produc- 
tion of 50 uw average square wave modulated power, a 
dynamic range of 70 db is available for experimentation 
using careful matching and a 1 cps band. 


Noise Introduced by the Multiplication Process 


A measurement of the noisiness of the fourth har- 
monic at 3 mm was made, and is included to bring out 
the important point that noise is introduced in the mul- 
tiplication process. We cannot quantitatively explain 
the mechanism of the noise introduction at this writing, 
but the effect is definite, and forms the subject of 
another current investigation in this laboratory.? A 
likely qualitative explanation is that the excitation of 
the multiplier crystal by large amounts (100 mw) of 
fundamental power produces, as is well-known, excess 
noise obeying the 1/f power spectrum. This leads to the 
presence of fairly strong noise currents near, for exam- 
ple, 1000 cps flowing in the nonlinear crystal rectifier 
along with currents at 24 kmc, the fundamental micro- 
wave frequency. It is supposed that the low-frequency 
noise currents mix with the harmonics of the 24 kmc to 
modulate them, thus producing noise sidebands on the 
3-mm output in particular. The noise sideband spec- 
trum will be greatest closest to the carrier, in accordance 
with the 1/f spectrum of the excess noise which pro- 
duced the sidebands. When the 3-mm carrier is demodu- 
lated and observed through a filter or narrow-band 
amplifier we will then expect to see the demodulated 
noise at the filter frequency (in addition to any other 
noise present). 

By choosing a bolometer as a square law demodulat- 
ing device, and calibrating its sensitivity to power 
variations with a known square wave, it was possible to 
observe both the average power of the 4th harmonic 
output and the absolute magnitude of its power fluctua- 
tions caused by noise. From these data it is easy to 
arrive at either an effective amplitude modulation index, 
m, or the ratio of noise power, P,, to carrier power, P, 
for the band in use, assuming this power results from 
amplitude modulation alone. The same procedure was 
applied to the fundamental microwave, and the follow- 
ing results obtained reduced to 1 cps bandwidth. 


Fundamental: P;/P, = 0.8 107% 
Wel lO 

4th Harmonic: P,/P. = 20 10-22 
m= 6 </10-. 


7J. M. Richardson and J. J. Faris, “Excess noise in microwave 
crystal diodes used as rectifiers and harmonic generators,” to be pub- 
lished in IRE TRANSACTIONS ON MICROWAVE THEORY AND TECH- 
NIQUES; July, 1957. 
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Thus by some mechanism the multiplication process 
has degraded the signal purity by 14 db. This degrada- 
tion appears too large to be explained simply by the 
production and superposition at the demodulation fre- 
quency of harmonics and beats among noise components 
existing in the slightly impure input. 

From information such as just presented, estimates 
may be made concerning such things as the minimum 
detectable modulation produced by some external 
modulating agency (Stark modulation in a microwave 
spectrometer, for example), or the smallest detectable 
change in signal level in an interference or transmission 
experiment. 


CONCLUSION 


Increasing activity in the millimeter wave region has 
made it desirable to investigate the characteristics of 
sources and detectors with a view toward optimizing 
available designs and describing the best performance 
which may be attained. The open-guide type of crystal 
holder has been found superior in general to more primi- 
tive types for both harmonic generators and detectors. 
There is a significant difference among silicon wafers ex- 
tracted from various types of commercial crystals, so 
that choice of silicon is important. Sharpness of the 
whisker point is absolutely essential for a good harmonic 
generator. Cleanliness of the silicon surface is also sig- 
nificant. 

The range of results produced by these factors either 
individually or in combination is rather large, so that 
the “best” combination may be some 20 db or more 
better than the “worst” combination. Thus, individual 
trial and adjustment by an experimenter is still neces- 
sary, for no specifications can yet be set down which 
will guarantee a given performance. 

The best fourth-harmonic generators may be ex- 
pected to exhibit a conversion loss rising from 30 db at 
5 mw input power to 33 db at 100 mw input power. 
Although many of the rectifying contacts may deterio- 
rate at input power levels above 100 mw, some may still 
be usable, so as to give a greater absolute value of out- 
put power. 

Detector crystal sensitivity of the best units compares 
favorably with that of typical crystals for lower micro- 
wave frequencies, so that the minimum detectable signal 
for a given bandwidth is about the same.’ The factor 
limiting the dynamic range of measurement is the maxi- 
mum 3 mm power that can be produced, which is still 
in the microwatt region. 

As an additional result, evidence of an important 
effect in which the harmonic generation process de- 
grades the signal-to-noise ratio of the source was found. 


8 See, for example, the discussion in Carol G. Montgomery, 
“Technique of Microwave Measurements,” Rad. Lab. Series, vol. 11, 
McGraw-Hill Book Co., Inc., New York, N. Y. p. 547f; 1947. 
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Circularly Polarized Microwave Cavity Filters* 
CONRAD E. NELSONT 


Summary—A new group of circularly polarized microwave cavity 
filters is described. With a single circularly polarized cavity, a reflec- 
tionless filter is achieved that couples nearly 100 per cent of the 
energy from the main waveguide at the cavity resonant frequency. 
Two degenerate cavity modes may be excited, to produce a circu- 
larly polarized field, by coupling to the transverse and longitudinal 
waveguide magnetic fields or to the transverse electric and magnetic 
waveguide fields. 

A theoretical analysis is presented as well as experimental results. 
The loss between the band-pass terminals of the reflectionless cir- 
larly polarized filter is identical with the loss in a conventional reflec- 
tion-type band-pass filter with the same bandwidth and cavity-wall 
losses. The null at resonance between the band-elimination termi- 
nals of the reflectionless circularly polarized filter is limited only by 
the asymmetries of the cavity and not by the cavity-wall losses. De- 
sign equations and curves are given for eight of the lower order, cir- 
cularly cylindrical, degenerate cavity modes that are coupled to a 
rectangular waveguide at the point of circularly polarized waveguide 
magnetic fields. 


I. INTRODUCTION 
le THE CONVENTIONAL design of three terminal 


microwave cavity filters, at least two cavities are 

required to produce a matched filter capable of 
coupling nearly 100 per cent of the power from the main 
waveguide at resonance. Fig. 1 illustrates this method 
of diplexing. 

A low-loss “rejection” cavity must be spaced a criti- 
cal distance from the main cavity. The single circularly 
polarized cavity described in this paper can replace 
these two cavities and perform the same function. The 
theoretical loss for the two systems is the same (assum- 
ing that each system has the same band-width and cay- 
ity loss). However, the isolation at resonance for the 
conventional two-cavity diplexer is limited by the re- 
jection cavity losses, while the isolation of the circularly 
polarized cavity is limited only by asymmetries of the 
cavity. 

There are many applications for the circularly polar- 
ized single-cavity filter. Since this filter is essentially re- 
flectionless, several may be placed in series without 
producing large reflections. The circularly polarized 
cavity may be used as a passive duplexer for a circularly 
polarized radar as well as a nonreciprocal, tunable filter 
by placing a ferrite in the circularly polarized magnetic 
fields in the cavity. The use of a ferrite also permits the 
design of a narrow-band duplexer for use with linearly 
polarized radar systems. 


II. PRINCIPLE OF OFERATION 


One configuration of the circularly polarized micro- 
wave cavity filter is shown in Fig. 2(a). It has four wave- 


* Manuscript received by the PGMTT, October 3, 1956. 
+ Res. Labs., Hughes Aircraft Co., Culver City, Calif. 
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Fig. 1—Conventional waveguide diplexer. 


guide ports and only one circularly cylindrical cavity.! 
The cavity is designed to operate with two orthogonal, 
degenerate, TEi2 modes (several other cavity modes 
will work just as well). Two circular coupling holes are 
centered at each end of the cavity, but they are offset 
from the waveguide centerline. Fig. 2(b) shows the 
cavity rf magnetic fields;? these fields are coupled to 
the transverse (H,) and longitudinal (H,) waveguide 
magnetic fields. In this example, the circular coupling 
holes are placed in the waveguides at the point of circu- 
lar polarization of the waveguide magnetic fields [Fig. 
2(c) J. 

The operation of the filter is as follows. Energy enters 
the waveguide at port A [Fig. 2(a) | and excites the 
cavity in a circularly polarized TE;2 mode, since H, and 
H, in the waveguide are 90 degrees out of time phase. 
The excited cavity radiates into waveguides A-B and 
C-D. However, due to the direction of circulation of the 
cavity modes, the cavity will radiate only toward wave- 
guide ports B and C. Therefore, with an input signal at 
port A, there should be no reflection back to port A, 
and the output energy will divide between ports B 
and C. 

The fact that the filter is reflectionless is important, 
but an even more important characteristic is that nearly 
100 per cent of the energy entering port A can be coupled 
into arm C at the cavity resonant frequency (neglecting 
cavity-wall losses). Normally, a single-mode cavity 
must share the input energy with the load in arm B, 
since the two are either in series or in parallel. However, 


1 This type of filter is being investigated independently by S. B. 
Cohn and F. S. Coale at the Stanford Res. Inst. See “Directional 
channel-separation filters,” 1956 IRE CoNnvENTION REcoRD, part 5, 
pp. 106-112. 

2S. Ramoand J. Whinnery, “Fields and Waves in Modern Radio,” 
John Wiley and Sons, Inc., New York, N. Y.; 1947. 
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Fig. 2—A circularly polarized microwave cavity filter using 
magnetic field coupling. 


with the dual-mode cavity, each cavity mode couples 
out one half of the incident energy at resonance, and 
this produces a null in arm B. Far off resonance, the 
cavity will not couple to the waveguide, and all the 
energy entering port A will leave port B. The result is 
a single-cavity, reflectionless filter that is band- 
elimination between ports A-B and band-pass between 
ports A-C, 

In the preceding example, a circularly polarized 
cavity mode is attained by coupling to the circularly 
polarized waveguide magnetic fields. Another arrange- 
ment that will produce a circularly polarized cavity 
mode is shown in Fig. 3. The cavity is designed to 
operate with two orthogonal, degenerate, TEi2 modes. 
Two coupling holes are spaced between the end plates 
of the cavity and on the waveguide centerline. Fig. 3(b) 
shows the cavity rf magnetic and electric fields. These 
fields are coupled to the waveguide transverse magnetic 
(H,) and transverse electric (£,) fields. In the wave- 
guide, the transverse components of electric and mag- 
netic fields are in phase, but in a cavity, & and A for 
one mode are 90 degrees out of time phase. Therefore, 
the magnetic field of the Z,-coupled cavity mode lags 
(or leads, depending upon assigned directions of mode 
orientation) the magnetic field of the H,-coupled cavity 
mode by 90 degrees. The coupling holes are centered in 
the waveguide, to couple to the peak of the transverse 
waveguide fields. The slot is adjusted in shape to pro- 
duce equal coupling to the two cavity modes, because 
the electric and magnetic fields are different in the 
waveguide as well as in the cavity. 
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Fig. 3—A circularly polarized microwave cavity filter using 
electric and magnetic field coupling. 


The operation of the E,- and H,-coupled cavity is 
similar to the H,- and H,-coupled cavity. Energy enter- 
ing port A excites the cavity in a circularly polarized 
TE: mode. The excited cavity then radiates into wave- 
guides A-B and C-D. However, the radiations of the two 
cavity modes back to port A will cancel, since they are 
180 degrees out of time phase. In waveguide C-D, the 
energy from both cavity modes cancels at port C, but 
adds at port D. As before, a reflectionless band-elimina- 
tion and band-pass filter results. 

Any combination of the above two coupling methods 
may be used, as well as different waveguide orientations. 
The coupling holes in the & and A coupling technique 
do not have to be at right angles but may be opposite 
each other, provided that the cavity mode configuration 
is favorable. Also many degenerate cavity modes have 
more than one position on the end plate at which a circu- 
larly polarized magnetic field results. 


III. ANALYsIs oF DuAL-MopE Cavity WITH 
Four WAVEGUIDE PoRTS 


Fig. 2 is an example of a cavity system to which the 
following analysis applies. Several other cavity modes, 
coupling-hole shapes, positions, and waveguide orienta- 
tions will work just as well. Some of these will be de- 
scribed later. The important requirement of the reflec- 
tionless filter is that two orthogonal waveguide fields are 
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coupled to two orthogonal cavity modes that are 
resonant at the same frequency and are 90 degrees out 
of time phase. The coupling to the two cavity modes 
must take place in the same transverse waveguide 
plane. As the analysis will show, the coupling-hole 
position or shape must be adjusted, to produce an equal 
coupling to each cavity mode. In general, the analysis 
also applies to the cavity system shown in Fig. 3; how- 
ever, the equivalent circuit will be slightly different. 
Although this analysis applies primarily to the dual- 
mode cavity with four waveguide ports and two cou- 
pling holes, only slight modifications are required, to 
cover the case of a cavity system with two waveguide 
ports and only one coupling hole. 

The conventional microwave cavity filter analysis 
will be reviewed briefly, since most of these circuit equa- 
tions and equivalent circuits can be applied to the solu- 
tion of the reflectionless dual-mode cavity filter. 


A. Series Coupling 


A cavity, coupled only to the transverse magnetic 
field (77,) of the TEi9 rectangular waveguide mode, acts 
in series with the waveguide. It is assumed that all 
cavity modes except the desired one are far off resonance 
and will not affect the equivalent circuit. The wave- 
guide is represented as a transmission line of character- 
istic impedance Zp» and the cavity (H-coupled) presents 
an impedance Z, in series with the transmission line. 
Fig. 4(a) illustrates the cavity-waveguide arrangement. 
Either the impedance Z, or the normalized impedance 
zis a parallel tuned circuit as shown in Fig. 4(b). How- 
ever, a more useful equivalent circuit [Fig. 4(c)] is ob- 
tained by letting the cavity internal impedance be a 
series tuned circuit and then having a special trans- 
former reverse this impedance, so that the transmission 
line (TL) sees a parallel tuned circuit.*:* The normalized 
impedance 


is the “internal” cavity loss and reactance. The cavity 
Q, Q., represents the cavity losses, such as a lossy cavity 
dielectric and cavity wall losses. The cavity current J, 
represents the actual current in the cavity walls and, 
hence, is proportional to the magnitude of the cavity 
fields. The relations between the cavity and TL normal- 
ized currents and voltages are 


I, = + jVQuV 2 | 
pam st | 
Cs Fa Os 


(1) 


Ix 
| 

| — 
+ 

RS. 
ae 
| 

[s+ 


3H. A. Bethe, “Theory of Side Windows in Waveguides,” 
M.I.T. Rad. Lab. Rep. No. 43-27. 

4H. A. Bethe, “Excitation of Cavities Through Windows,” 
M.I.T. Rad. Lab. Rep. No. 43-30. 
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(d) EQUIVALENT CIRCUIT AND VOLTAGE DIAGRAM 


Fig. 4—Series-coupled cavity with two waveguide ports. 


where 


Qw=window Q or window-coupling factor® 

Q.=cavity Q 

fo=cavity resonant frequency 
f=frequency. 


The signs of the internal cavity current, J,, and voltage, 
V., depend upon the assigned polarity of the cavity 
mode. The normalized cavity impedance in series with 
the TL is 

V2 hee tel bes 1 


aCe é is 


(2) 
0, + JQ inh 
The special transformer, represented by the window 
coupling factor Q,, has no impedance itself, but only 
inverts the “internal” cavity impedance. The reciprocal 
of the window-coupling factor Q,, represents the amount 
of coupling between the cavity and the waveguide. 
Without a coupling hole, the coupling is zero, Q, is in- 
finite, and the cavity impedance g is zero. As the cou- 
pling hole is made larger Q., decreases and z increases. 
H. A. Bethe has determined Q,, and numerical values 
of Qy are given in Section V. It should be noted that in 
(2) the value of Q, differs by a factor of two from that 


5 Qw is the same as the external or radiation Q given by C. G. 
Montgomery, “Technique of Microwave Measurements,” McGraw- 
Hill Book Co., Inc., New York, N. Y.; 1947. 
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for Q in Bethe’s article. This is because of the definition 
of Q,, given in (2). 

For an impedance (or cavity) in series with the TL 
the normalized input impedance z; with a matched load 
is +1. The voltage scattering matrix coefficients are 


a nS z 3) 
Van wan hl ea we. 
and 
Sic = 1 — Si. 


If a unit voltage is incident upon the cavity system, it 
will travel along the waveguide, excite the cavity, and 
proceed to the output terminal. However, the excited 
cavity radiates back into the waveguide with the voltage 
equally divided between input and output terminals. 
The voltage radiated or reflected back to the input 
terminals is +S ,, and the net voltage at the input 
terminals is 1+.S),. The voltage appearing at the output 
terminals is 1—S). The voltage —Sy is due to the 
cavity radiation or cavity impedance [see Fig. 4(d) ], 
The concept of the cavity radiating back into the wave- 
guide to produce two traveling voltages, Sj), and — Sn, 
is important and is required when the series and parallel 
coupled cavities are combined. Fig. 5 illustrates a more 
complicated series-coupled cavity system; it also repre- 
sents the series-coupling equivalent circuit for the dual- 
mode cavity system. With a unit incident voltage at 
port A, the cavity will be excited, and the incident volt- 
age will appear at port B. The excited cavity will radiate 
into waveguides A-B and C-D. The resulting voltages, 
due to the cavity, will be Su, —Su, Sis, and — S13. The 
normalized cavity impedance in series with waveguide 
A-B is 


z= : (4) 


Owns er. (2 “) Os 
+ 70m(—-—)+ 
Nel a.  ons 


There is a factor of two in (4), since the cavity coupled 
to waveguide C-D sees ports C and D in series. The 
coefficient Si; is 


1 


20 61 (2 *) 
RSE SN ign Peeps 
Oss hn oe ey 


The coefficient Sj; is obtained as follows. The voltage 
across the cavity terminals in waveguide A-B is 2Sn, 
and the voltage across the cavity terminals in wave- 
guide C-D is 2.Si3. The “interval” cavity current I, is 


Su = (5) 


Le == 72S V/ Ow a 42S1a\/O wr, 


therefore, 


Qua 
Alert 


w2 


S13 — (6) 
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(b) EQUIVALENT CIRCUIT ONE VOLTAGE DIAGRAM 


Fig. 5—Series-coupled cavity with four waveguide ports. 


The signs of the voltage Sj; and cavity current J, may 
be plus or minus, depending upon the direction of the 
magnetic fields in the cavity. The sign of Sj3 is chosen 
as plus, and the same sign convention is used in the 
parallel-coupled cavity. 


B. Parallel Coupling 


Let us consider the cavity shown in Fig. 6(a), which 
couples only longitudinal magnetic fields (77,) of two 
waveguides. In the equivalent circuit [Fig. 6(b)] the 
cavity is in parallel with the TL. This is because a short 
circuit in arm B, placed one half of a guide wavelength 
from the cavity coupling hole, would produce a standing 
wave with zero H, (and £,) at the coupling hole. The 
cavity would not be excited—hence, it would be shorted 
out as if it were in parallel with the TL. A quarter 
wavelength TL is needed in the equivalent circuit, to 
invert the impedance and to present a 90-degree time 
lag in the voltage reaching the cavity (the H, waveguide 
component is 90 degrees behind the H, and £, com- 
ponents, which are assigned zero time phase). The in- 
ternal cavity current for this type of coupling lags by 90 
degrees the cavity current for the series-coupled cavity. 

With a unit incident voltage at port A, shown in Fig. 
6(b), the cavity causes voltages 71, 7:1, T13, and 743 to 
appear at the four waveguide ports. Normalized, paral- 
lel cavity admittance seen by waveguide A-B is 
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Fig. 6—Parallel-coupled cavity with four waveguide ports. 


1 
vee (7) 
Qu3 ( ii *) Laon 
SE ROSA (cere e sieaerd Maia 
Ove Ius 2 fe EOS 
The coefficient 7), is 
1 — + ]j 
ie = teeny, = — (8) 
Lee yacee ly Diiery 
T ad (9) 
11 ‘ 
Qus  2Qu3 ( fi ) 
1 + =a = sr Z w > ines ha pe 
One Ove : e ; te Wh 
As before (with considerable manipulation), 
Ti3 = laa. - Tite (10) 


A negative sign was added to (10), to make it consistent 
with the assumed polarity of Sj;. 


C. Circularly Polarized Coupling 


The complex cavity shown in Fig. 2 can now be 
analyzed. It should be noted that the coupling hole is 
offset from the waveguide centerline and couples the 
orthogonal waveguide H, and H, components to the two 
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orthogonal, degenerate, TE. circularly cylindrical 
cavity modes. There is a component of electric field 
(E,) in the coupling hole, due to the waveguide fields, 
but, since the TE. cavity mode has a zero electric field 
at the center of the end plate, this component does not 
provide additional coupling to this mode, and the other 
cavity modes are far off resonance. 

The transverse waveguide field H, couples to the first 
cavity mode (with constants Qui, Que, Qa, and fi). The 
longitudinal waveguide field H, couples to the second 
cavity mode (with constants Qws, Qws, Qco, and fe). There 
is no interaction between the series- and parallel-coupled 
cavity modes, because the cavity modes are orthogonal 
and are excited by orthogonal fields in the waveguide. 
Furthermore, the waveguide ports B, C, and D are 
terminated in matched loads. With a unit incident 
voltage at port A, the series cavity produces voltages 
Su, —Su, Siz, and —Sj3, and the parallel cavity pro- 
duces voltages Tu, Tu, T13, and 7\3. The resulting volt- 
ages at each of the waveguide ports are listed below. 


Port Voltage 
A Incident voltage = 1 
A Reflected voltage Va=Sy+Ti 
B Output voltage Vs=1—Sy+Ty 
(e: Output voltage V.=Si3+ 73 
D Output voltage Va=—Sy3+7%3 


A comparison of (5) and (8) shows that, if the nor- 
malized, series cavity impedance is equal to the normal- 
ized, parallel cavity admittance, then 

s=y 
and 
Si Fe Ti 
Sis = + T13 


the resulting output voltages (for a unit incident voltage 
at port A) are 


Vi.=0 
—— Zz ‘ 
Vu=1—25n 
2+2 
Ves (ORF 

ee 5 OS pas ee Qui 

Ds an z Que 
Visa). (11) 


The requirements for a reflectionless filter are 
Qwi = Qu3 (in waveguide A-B) 
Que = Qua (in waveguide C-D) 
Qer = Qe 
ji = ja (12) 


Therefore, a reflectionless filter results when each cavity 
mode has the same resonant frequency, loss, and cou- 
pling to the waveguide fields. The electromagnetic fields 
in the two cavity modes are equal in amplitude, but are 
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90 degrees out of phase; hence, a true circularly polar- 
ized mode results. If a circular coupling hole is used, it 
must be placed at a position of circular polarization of 
waveguide magnetic fields, since the cavity modes are 
identical. If an asymmetrical slot is used, it must be 
pJaced in the waveguide in a manner that will compen- 
sate for its symmetry and produce equal coupling. 

The power transfer characteristics for the circularly 
polarized filter can be expressed in simplified terms. 
Assume a unit incident power (of frequency f) at port 
A; then, the resulting output powers are 


ea () 
m+ x? 
jPa = 
1+ x 
n 
a 
1+ x? 
IP = (13) 
where 
Output Power 
p= |vi=— 
Incident Power at A 
Nee 
poe iea 8) (14) 
BW 
1 il Dy: 
Jeli Ow Qw1 02 0 (15) 
1 “ 1 4 oa 
Que Oot OF 
1 
= — — eee oe Le (16) 
ii ia ( Ve ff be fi von 
y w2 Wes Q. 
1 BW 1 1 1 1 
oa ho (— +a )+5 (17) 
Or to 2 Ot Qwe Q, 


BW =3-db bandwidth. 
Eq. (13) predicts three important characteristics of 
this system: 


1) Throughout the operating frequency band includ- 
ing resonance there will be practically no reflection 
back to port A. 

2) At resonance there will be a power null of ampli- 
tude m at port B. This results in a “reflectionless 
band-elimination filter.” 

3) At resonance, energy will be coupled through the 
cavity and will produce power output of amplitude 
n at port C. This results in a “reflectionless band- 
pass filter.” 


D. Equivalent Circuit 


An equivalent circuit for the filter illustrated in Fig. 
2 is shown in Fig. 7. The special transformer for the 
series-coupled cavity is center-tapped, and each leg has 
an equivalent window-coupling factor of 4Q., because 
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Fig. 7—Equivalent circuit for the dual-mode cavity 
with four ports. 


the coupling is actually proportional to the reciprocal 
of the square root of Q,. Different currents are in each 
leg of the series-coupling transformer, and this produces 
the effect required to achieve unity coupling between 
ports A and C (neglecting losses). By observing the 
electromagnetic fields and the type of coupling in any 
cavity and waveguide system, the proper equivalent 
circuit can be determined as well as the direction of 
power flow at resonance. 


E. Optimum Band-pass Filter 


The condition of maximum power transfer between 
ports A and C is achieved when coupling holes of the 
same size are placed in waveguides A-B and C-D. The 
resulting equations are 


Os = On = Owe aa Qws a Ors 
1 1 1 BW 


OL OF QO. fo 
Bah 
QO. 
fal 
We "Sz IP 
Q- 


With zero cavity-wall losses, unity coupling from the 
main waveguide at resonance can theoretically be 
achieved. The system is symmetrical, inasmuch as the 
operations from A to C, C to A, B to D, and D to B are 
identical. It should also be pointed out that the band- 
pass filter loss for the circularly polarized filter is identi- 
cal with the loss in a conventional band-pass filter or 
with the two cavity filters shown in Fig. 1 (assuming 
the same bandwidth and cavity Q). Eq. (18) also indi- 
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cates that, with maximum power transfer between ports 
A and C (Fig. 2), the isolation at resonance between 
ports A and B is not optimum. Isolation at resonance 
can theoretically be made to approach infinity with an 
unnoticeable increase in loss between ports A and C. 


F. Optimum Band-Elimination Filter 


The isolation between ports A and B can theoretically 
be made infinite by making the coupling hole in wave- 
guide C-D slightly smaller than that in waveguide A-B. 
The resulting equations are 


Oui = Qws = OL 
Owe = Oley: = a = OF 
1 ie 
QO. 
us 
n=1— ou 
Q. 
m = 0. (19) 


In a conventional band-elimination filter, the cavity 
loss limits the isolation at resonance. In the circularly 
polarized filter, there is no theoretical limitation on iso- 
lation, only a practical limitation. When the isolation is 
larger than 30 or 40 db, the null is usually too sharp to 
be of any use. With coupling holes of different sizes, 
there is optimum isolation only between ports A and B 
or B and A. 


G. Two-Port Band-Elimination Filter 


The equations for the band-elimination filter, when 
waveguide C-D is removed, are 


Owe == Qwa = So) 
1 ve 1 ) 1 
Op e20 sues O} 
Qui 1 
= 0; 2 
/m = on ; (20) 
Toeac oy 


The null in output power at resonance can be made zero 
by adding a lossy material to the cavity. If 


oO; = 207i; (21) 
then 
OL = Ow 
m = 0 
a2 
P, = 
1+ x? 


Now the cavity Q, Q,, includes the lossy material in the 
cavity. If too much loss is added to the cavity, the null 
will not be zero. Only a specified cavity loss will produce 
a zero null, as indicated by (21). 
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If an isolation of 30 db is required over a narrow fre- 
quency band, the 3-db bandwidth will have to be large, 
because 30 db is maintained only over 3.16 per cent of 
the 3-db bandwidth (m=0). If two identical cavity sys- 
tems having a zero null and the same resonant frequency 
are placed in series along a waveguide (the spacing is not 
critical, since each cavity system is reflectionless), the 
normalized output power is 


x? 2 u? 2 
no [to a 
1+ x 0.4142 + xu? 
where 
AGRE Ae 
eS es HORS 
X fo Q 
Tete 
wa ves fo) 0, 
to 
Q1 = VV/2 - 101 
Qe = 2Qw1. 


Therefore, an isolation of 30 db is maintained over 11.6 
per cent of the 3-db bandwidth. If the resonant fre- 
quencies of the two cavity systems are separated until 
the response has a 30-db ripple, then the ratio of the 
30-db bandwidth to the 3-db bandwidth increases to 
16.4 per cent. Note that a single-cavity system has two 
cavity modes resonant at the same frequency. 

If two cavity systems are placed in parallel (two cou- 
pling holes in the same transverse waveguide plane), 
then, with a ripple in the response, the theoretical ratio 
of the 30-db bandwidth to 3-db bandwidth is 24.8 
per cent. 


IV. Discussion oF Cavity MopDES AND COUPLING 


In section III, it has been shown that, when a wave- 
guide excites a circularly polarized cavity field by means 
of two orthogonal couplings in the same transverse 
waveguide plane, a reflectionless microwave filter re- 
sults. Therefore, a single-cavity, reflectionless filter may 
be constructed using a spherical, a square, or a circular 
cylindrical cavity, with aperture, Joop, or probe cou- 
pling. Loop coupling would be advantageous at the 
lower frequencies. However, the following discussion is 
restricted to aperture-coupled, circular cylindrical 
cavities. 

A given cavity shape can support an infinite number 
of cavity modes. The use of higher order cavity modes 
will, in general, result in the following characteristics: 
1) higher cavity Q, 1.e., lower wall losses; 2) larger size; 
3) smaller available coupling (smaller bandwidth for a 
given coupling-hole size); and 4) other modes that have 
resonant frequencies close to that of the desired mode. 
Therefore, it seems expedient at this time to list the 
lower order cavity modes that may be circularly polar- 
ized. Eight of the lower order circular cylindrical cavity 
modes that, when circularly polarized, have a circularly 
polarized magnetic field at the center of the end plate 
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(c) TYPE C COUPLING 


Fig. 8—Types of coupling for circularly polarized cavity modes 
using circularly cylindrical cavities. 


are listed in Fig. 8(a). These modes are coupled to the 
H, and H, waveguide fields (Type A coupling). Four of 
the lower order, degenerate, TE modes that may be £,- 
and H,-coupled (Type B coupling) are given in Fig. 8(b), 
and six of the lower order, degenerate, TM modes that 
may be E,- and H,-coupled (Type C coupling) are listed 
in Fig. 8(c). For the cavity-waveguide configuration 
illustrated in Fig. 8(b), only the TE cavity modes have 
a longitudinal magnetic field. Similarly in Fig. 8(c), only 
the TM cavity modes have a longitudinal electric field. 
Fig. 9(a) and 9(b) illustrates Type C coupling to two 
orthogonal, TMi cavity modes. The coupling hole is 
on the waveguide centerline and at the position of maxi- 
mum electric field in the cavity for one TMio mode. The 
shape of the coupling hole is adjusted, to vary the elec- 
tric and magnetic polarization of the aperture, and to 
obtain a circularly polarized cavity field. The position 
of the coupling hole does not permit H, coupling be- 
tween the waveguide and the #,-coupled cavity mode. 
However, it may be advantageous to allow a certain 
amount of H, coupling. For example, if it were desired 
to use a circular coupling hole in Fig. 9(a) for all ratios 
of cavity diameter to cavity length, then the position 
of the circular hole would be varied in the waveguide 
and cavity, to produce a circularly polarized cavity 
mode. In this case, a combination of H,, E,, and H, 
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(a) CAVITY — WAVEGUIDE CONFIGURATION 
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Ey COUPLED 


H, COUPLED 


(b) TWO ORTHOGONAL, TM,,, CAVITY MODES 


(C) E, AND H, COUPLING 
TO ONE MODE 


Fig. 9—Circularly polarized cavity, TMuo mode. 


coupling is being used. As illustrated in Fig. 9(c), a slight 
movement of the coupling hole in the waveguide and 
cavity allows a small amount of Hz coupling. The H, 
coupling affects only the #,-coupled mode, and it either 
adds or subtracts to the amount of £, coupling. If the 
hole in the waveguide and cavity is moved in the same 
direction, as in Fig. 9(c), then the H, coupling adds to 
the H, coupling, since H, lags E, by 90 degrees in the 
waveguide, and H lags E by 90 degrees in the cavity for 
the given field directions. 

The coupling hole in a cavity alters the electromag- 
netic cavity fields so that the cavity resonant frequency 
is different from the resonant frequency calculated from 
the cavity diameter and length. Bethe’s analysis shows 
that a cavity mode with a magnetic field in the aperture 
lowers the resonant frequency, and that an electric field 
in the coupling aperture raises the resonant frequency. 
Therefore, with Type A coupling, each cavity-mode 
resonant frequency will be lowered by nearly the same 
amount. For large coupling holes, the magnetic field of 
one cavity mode in the coupling aperture sees the wave- 
guide wall in closer proximity than does the magnetic 
field of the other cavity mode. In such a case, a small 
tuning screw is required for one of the cavity modes, in 
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order to adjust both modes to the same resonant fre- 
quency. With Types B and C coupling, the resonant fre- 
quency of the two cavity modes is changed in opposite 
directions, due to the coupling hole, and a larger tuning 
screw for one of the modes will be required. 

However, when a symmetrical coupling system is used 
(as in Fig. 3), each cavity mode uses both E and H cou- 
pling, and the resonant frequency of each mode should 
be the same. Even though the resonant frequencies are 
theoretically the same, very small tuning screws are usu- 
ally required to compensate for manufacturing toler- 
ances. 


V. WINDOW-COUPLING FACTOR, Qy 


The value of the window-coupling factor Q, is a 
measure of the coupling between the waveguide and 
cavity. This coupling and the cavity losses determine 
the bandwidth of a particular filter, as was shown in 
section III. The basic equation for Q, has been deter- 
mined by Bethe using small-coupling-hole theory (the 
hole size is much smaller than the wavelength, and the 
hole is in a uniform cavity and waveguide field).?4 As 
the coupling hole increases in size, the error in the calcu- 
lated value of Qy increases. With this restriction in 
mind, theoretical curves of Qu, for Type A coupling, are 
shown in Fig. 10. Theoretical curves of Qy, for Types 
B and C coupling, are omitted, since their derivation 
is much more involved. 

The values of Q. for the cavity diameter-length ratios 
given in Fig. 10 were computed for a standard X-band 
waveguide (0.9 by 0.4 inch) with a cavity resonant fre- 
quency of 9000 mc. At this frequency, the point of 
circularly polarized magnetic field in the waveguide is 
0.234 inch from one side wall. The maximum coupling- 
hole diameter is then 0.468 inch, which is the hole size 
used for the curves shown in Fig. 10. To find the window- 
coupling factor’ for a hole with a diameter of D inches, 
multiply the value of Q. in Fig. 10 by , 


0.4687 
| D | 
These theoretical curves indicate the minimum value of 
Q,, attainable for a given cavity diameter-to-length 
ratio. For example, if a 20-mc bandwidth was required 
(Q,=450) using a TEy., mode in a band-pass filter, 
the value of Q. would be approximately 465 [from (18) 
and by assuming that Q,=14,000]. Then (from Fig. 10), 
it is determined that the cavity would have to have a 
diameter-to-length ratio approximately between 0.4 and 
1.4. If the cavity diameter-to-length ratio is 0.8, then 
the required coupling-hole diameter is 


(23) 


6H. A. Bethe, “Formal Theory of Waveguides of Arbitrary 
Cross Section,” M.I.T. Rad. Lab. Rep. No. 43-26. 

7M. Surdin, “Directive couplers in waveguides,” J. IEE, part 
IIIA, vol. 93, pp. 725-736; March—May, 1956. 
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WAVEGUIDE SIZE = 0.9 x 0.4 INCH 
RESONANT FREQUENCY (f,)=9000 Mcps 
COUPLING HOLE SIZE(D)=0.468 INCH 


HOLE SPACING (€)=0.234 INCH ae 


WINDOW COUPLING FACTOR, Qy 
N @ 
° ° 
° ° 
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CAVITY DIAMETER-TO-LENGTH RATIO, = 


Fig. 10—Window coupling factors for circularly cylindrical cavi- 
ties using type A coupling. 


1/6 
D = 0.468 Fa = 0.430 inch. 
465 


Actually, for a window size this large, the value of the 
curves for Q,, may be as much as 30 per cent in error. 
The window size should probably be made 0.440 inch 
instead of 0.430 inch. The optimum diameter would 
have to be determined experimentally. Therefore, Fig. 
10 should be used only as a design aid. However, the 
curves are useful in determining approximate values of 
Q.. or D, as well as in determining which cavity modes 
do not have sufficient coupling, for a given bandwidth 
requirement. Theoretical curves for both cavity Q and 
the resonant frequency of most of the modes shown in 
Fig. 10 are given by Montgomery. 

Because of its length, a theoretical analysis of Q, is 
not included in this paper. However, the value of Q, is 
proportional to 


a®byv? 
aon 
D§ 1— =) 
2a 


for a given cavity diameter-to-length ratio. Fig. 8(a) 
illustrates cavity-waveguide dimensions as given in (24). 


(24) 
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VI. APPLICATIONS 


There are many applications for the reflectionless 
microwave filter. The simplest filter is the band-elimina- 
tion filter with two waveguide ports. Normally, a TEim 
circularly cylindrical cavity mode, Type A coupled, 
would be used, since it is very small and does not require 
a high cavity Q. The four-port, reflectionless diplexer 
(Figs. 2 and 3) can be constructed in several ways. Each 
cavity mode and type of coupling has certain advan- 
tages and disadvantages as far as loss, available band- 
width, unwanted modes, and availability for tempera- 
ture compensation are concerned. Therefore, the type 
of cavity to be used will depend upon the application. 

A circular polarization separator may be constructed, 
as shown in Fig. 11, by using a single cavity, a rectangu- 
lar waveguide, and a circular waveguide. At the cavity 
resonant frequency, energy entering port A will be 
coupled to arm C. At port C, the energy will be in the 
form of a circularly polarized TE, mode. If the input 
was at port B, then the energy coupled to arm C would 
be circularly polarized in the opposite direction. There- 
fore, this device would be suitable as a duplexer for a 
fixed-frequency circularly polarized radar. The trans- 
mitter, receiver, and antenna would be connected to 
ports A, B, and C, respectively. The cavity would be 
tuned to the transmitter frequency. Transmitted energy 
would be coupled from arm A to arm C and would 
radiate from the antenna as a circularly polarized field. 
Target reflections would be received by the antenna and 
coupled from arm C to B. There would be approxi- 
mately 40-db isolation between the transmitter and re- 
ceiver. This system sees twice the cavity loss; therefore, 
a large cavity bandwidth should be used to minimize 
this loss. 

The addition of a ferrite in the circularly polarized 
cavities at the point of circularly polarized magnetic 
field produces a reflectionless filter that is nonreciprocal 
and tunable. An important application of the ferrite- 
loaded reflectionless filter is a passive duplexer for a 
fixed-frequency radar (see Nelson’). 


VII. SAMPLE DESIGNS AND EXPERIMENTAL RESULTS 


Several cavities with Type A coupling have been 
built and tested. The tests results verify the analysis 
and indicate the degree of accuracy of the theoretical 
curves of window-coupling factor Qy. 

The reflectionless filter shown in Fig. 2 was con- 
structed .using the TEi circularly cylindrical cavity 
mode. The internal cavity length is 0.800 inch and the 
diameter is 1.350 inches. Two coupling holes 0.370 inch 
in diameter, with a 0.020-inch wall thickness, were 
placed 0.212 inch from the centerline in a standard, 


8 C. E. Nelson, “Ferrite tunable microwave cavities and the in- 
troduction of a new reflectionless, tunable microwave filter,” pre- 
sented at the Symposium on Microwave Properties and Applications 
of Ferrites, Harvard Univ., Cambridge, Mass.; April 2, 1956. 
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TE,, 
CIRCULARLY POLARIZED MODE 


RECEIVER 


TRANSMITTER 


Fig. 11—Circular polarization separator. 


X-band rectangular waveguide (0.400 by 0.900 inch). 
Five turns of an 0-80 NF metal screw, that was placed 
midway between the cavity end-plates, were required 
to reduce the resonant frequency of one cavity mode, 
so that both cavity modes were resonant at the same 
frequency (in order to produce a minimum reflection at 
the input waveguide). The TE, cavity mode is resonant 
at 8755 mc, and there are no other mode resonances 
between 8300 and 10,000 mc. Between waveguide ter- 
minals A and C, the loss at resonance is 0.9 db and the 
bandwidth is 11.8 mc. The isolation between terminals 
A and B and between terminals A and D at resonance is 
19.9 db and 27.9 db, respectively. For coupling holes of 
equal size, (18) may be transformed into 


ree 
Corminis 

Ey Garay 
Ray ee 
m= (1 — V/n)?, 


where n = 0.814 for a 0.9-db loss. Using this experimental 
data, the caJculated values of Qz, Qu, Q., and m are 742, 
823, 6810, and 19.3 db, respectively. The calculated 
value of m (the isolation between A and B at resonance) 
corresponds very well with the measured value of 19.9 
db. The value of Q is 32 per cent higher than that pre- 
dicted in Fig. 10 and by (23) and (24). The cavity Q, Q,, 
is 50 per cent lower than the theoretical value for solid 
silver cavity walls. A polished cavity with silver plated 
walls should have about 70 to 80 per cent of the theoreti- 
cal cavity Q, because of the porosity and surface finish 
of the plated silver. The test cavity was slightly oxi- 
dized; this would account for the reduction in cavity Q 
from 70 to 50 per cent. The analysis indicates that, if 
the coupling hole in the main waveguide (A-B) is in- 
creased in size, then the isolation between terminals A 


ISOLATION A-B db 


D,= COUPLING HOLE DIAMETER IN WAVEGUIDE 
IN WAVEGUIDE A-B 


0,=0.370 INCH IN WAVEGUIDE C-D 


0.370 0.376 0.382 


D> INCHES 
Fig. 12—Isolation between ports A and B for four-port TE: 
mode cavity filter using type A coupling. 


and B at resonance should also increase. The theoretical 
coupling-hole size for maximum isolation between A and 
B may be found from (19) and (23). 


Owe J 1 } 20 we = (=) 
Ort Or Dz, 
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or 


then 
D, = 0.3836 inch. 


If the coupling hole in waveguide A-B is 0.0136 inch 
larger than the hole in waveguide C-D (which is 0.370 
inch in diameter), then an infinite isolation at resonance 
between terminals A-B should result. Fig. 12 shows the 
experimental measurements of isolation for increasing 
hole size in waveguide A-B. The maximum isolation 
(about 54 db) occurred with a hole 0.382 inch in diame- 
ter. Fig. 13 is a typical input vswr curve for this filter 
without a matching button in the waveguide. The off- 
resonance reactance of the coupling hole in the wave- 
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8750 8800 
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Fig. 13—Input vswr for four-port, TE: mode cavity filter 
using type A coupling. 
guide produces a vswr of about 1.10. Near resonance, 
the cavity impedance produces a small reflection that 
adds to, or subtracts from, the off-resonance reflection. 
This small reflection caused by the cavity impedance 
may be due to a slight inequality in the H, and H, 
window-coupling factors or to the finite window size. 

A similar filter was constructed using the TEjs; circu- 
lar cylindrical cavity mode. The internal cavity length 
is 1.200 inches and the diameter is 2.590 inches. Two 
coupling holes, each 0.458 inch in diameter, were used. 
The TE, cavity mode is resonant at 9107 mc, and there 
are other resonances at 8920, 9130, 9499, and 9869 mc 
(some of these are quite small). The TE, cavity mode 
has very low cavity-wall losses; therefore, the loss at 
resonance should also be low. Between terminals A-C 
(Fig. 2), the loss at resonance is 0.5 db and the band- 
width is 6.6 mc. The isolation between terminals A and 
B and between terminals A and D at resonance is 27.7 
db and 25.3 db, respectively. The measured value of the 
window-coupling factor Q, is 39 per cent higher than the 
theoretical value found by using small-aperture theory. 
The measured value of cavity Q is 25,200. This is 70 per 
cent of the theoretical value. Fig. 14 illustrates the iso- 
lation between terminals A and C and between terminals 
A and D, for frequencies near resonance. As is typical of 
microwave cavities, the band-pass filter response is 
asymmetrical. 

A reflectionless band-elimination filter was con- 
structed that had only one waveguide and a circular 
cylindrical TE; cavity mode [see Fig. 8(a)]. The cavity 
diameter and length are 1.350 and 0.800 inches, re- 
spectively. A single coupling hole, 0.360 inch in diame- 
ter, was used. Midway between the cavity end-plates, 
four 0-80 NF screws were equally spaced about the 
cavity circumference. Two of the screws were metal; the 
others were lossy dielectric screws. All were adjusted for 
approximately minimum reflection and maximum ab- 
sorption at resonance. The isolation at resonance be- 
tween input and output is 36 db with a 3-db bandwidth 
of 11 mc and a 10-db bandwidth of 3.7 mc. The loss in 
output power at fy+11 mc is theoretically (for m=0) 


(2)? 


1+ (2? = — 0.97 db; 
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Fig. 14—Isolation between ports A and C and between A and D for 
four-port TE: mode cavity filter using type A coupling. 


the measured values above and below resonance are 1.0 
and 1.1 db, respectively. The input vswr of the band- 
elimination filter without matching is shown in Fig. 15. 
The test results correspond very well with the theory. 

A circular polarization separator (Fig. 11) was con- 
structed using a TEq circular cylindrical cavity mode. 
The cavity-wall losses were rather high, but the device 
functioned in the manner predicted. Without a mode- 
tuning screw, power into terminal A produced an ellip- 
tically polarized waveguide field at terminal C. When 
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Fig. 15—Input vswr for two-port, TE: mode cavity filter using 
type A coupling. 


the tuning screw was adjusted for minimum reflection 
at terminal A, the vswr in the circumferential direction 
in arm C dropped to about 1.05. This is equivalent to a 
32-db ratio in the amplitudes of the two directions of 
circularly polarized fields. Some experimental data on 
the ferrite loading of circularly polarized cavities are 
given by Nelson. 


VIII. ConcLUSsION 


Theoretical analysis proves that a single, circularly 
polarized cavity may be used to construct a reflection- 
less band-pass and band-elimination filter that is capable 
of coupling nearly 100 per cent of the energy from the 
main waveguide at resonance. The theoretical loss of the 
band-pass portion of this filter is identical with that in 
any conventional band-pass cavity filter. Among many 
other applications, the circularly polarized cavities may 
also be used in the design of diplexers and tunable non- 
reciprocal filters. 

Experimental results verify the analysis for a de- 
generate cavity mode coupled to the rectangular wave- 
guide, magnetic field components at the point of circular 
polarization. The input vswr of the experimental cavi- 
ties is below 1.2 without matching. The amount of 
energy coupled from the main waveguide at resonance 
could be adjusted to produce an isolation greater than 
50 db. 
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Reference Cavity Design Considerations" 


WILLIAM A. 


Summary—The design problems in a reference cavity include 
coupling, cavity Q, temperature compensation, stability, and hys- 
teresis. Temperature compensation is shown to be a problem in sec- 
ond order compensation theory and is solved by material changes. 
Stability is achieved by novel mechanical design and by elimination 
of hysteresis producing members. 


REFERENCE CAVITY DESIGN CONSIDERATIONS 


HE 1QSERIES reference cavity has held a unique 
a betes in the field of microwave devices. It has 

remained virtually unchanged in over 10 years of 
use. The introduction of the standing-wave discrimina- 
tor has created a need for cavities matched to waveguide 
impedance with bandwidth and transmission character- 
istics of the 1Q retained. Furthermore a demand has 
arisen for a frequency standard that would maintain fre- 
quency at very low temperatures. The problem then 
resolved itself to what can be done that will result in a 


major improvement in compensation and stability on 
the 10. 


THE MATCHING PROBLEM 


The desirability of a matched cavity for the standing- 
wave discriminator has been demonstrated by Denton, 
Wilson, and Margolin.! Their results show that maxi- 
mum sensitivity results when the cavity is matched to 
the waveguide. The scheme of operation is shown in 
Fig. 1. As generator frequency changes, the vswr pattern 
shifts and increases in amplitude. Two crystals are 
located symmetrically about the position of vswr mini- 
mum, and, when the pattern shifts, there is an unbalance 
which is used to actuate a feedback system. This in turn 
is used to correct the generator frequency. 

To match the 1Q series reference cavity, a study was 
undertaken in which the windows were varied in size 
and the measured coupled characteristics of the cavity 
were compared with the theoretical characteristics of an 
ideal cavity. Plots of the coupled characteristics of a 10 
are shown in Fig. 2 and the characteristics of an ideal 
cavity? are shown in Fig. 3 (both opposite). The latter is 
plotted in terms of the coupling parameters B; and B:, 
the former in terms of actual window diameters. The 
window diameters are directly related to the B parame- 
ters. Comparison of the curves shows general similarity, 
the major difference being that the unloaded Q in an ac- 


* Manuscript received by the PGMTT, October 5, 1956. 

+ Westinghouse Electric Corp., Horseheads, N. Y. 

1R. F. Denton, T. A. Wilson, 'and A. R. Margolin, “Automatic 
Frequency Control of High- Power Klystron,” NEC, Chicago, IIl., 
1952. 


2 C. G. Montgomery, “Technique of Microwave Measurements,” 
vol. 11, M.I.T. Rad. Lab. Ser., McGraw-Hill Book Co., New York, 
N. Y., pp. 286-291. 
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Fig. 1—Standing-wave discriminator. 


tual cavity changes as windows are opened. The meas 
ured curves for the 1Q cavity were obtained by selecting 
several cavities with similar characteristics (especially 
unloaded Q) and successively machining the windows, 
The cavity was degreased after each machining opera- 
tion to eliminate oil films which would otherwise cause 
poor results. The theoretical curves show that if an in- 
put match better than 1.4 is to be achieved with the 
same transmission fraction (7) as the 1Q (equivalent to 
5 db insertion loss), a Q of 1650 would result. 

The present design of the 10 was dictated by con- 
siderations developed by Pound,’ where maximum 
sensitivity for a transmission system is shown to be 
obtained when the cavity has equal input and output 
coupling. For a cavity with fixed unloaded Q, this results 
in a maximum TQ, product. Obviously the matched 1Q 
will no longer exhibit the same TQz product since the 
matched cavity for fixed transmission fraction has a 
lower Q,. The lower Q; would also lower the sensitivity 
of the standing-wave discriminator. The best solution 
would be to raise the unloaded Q from the 5000 of the 
1Q design to about 6500 where both applications could 
be served with equal ease. 


UNLOADED Q 


To understand the unloaded Q changes contemplated, 
it is helpful to examine the nature of the mode used in 
the 1Q. Barrow and Mieher* have sketched the effect of 
the addition of a rod or nose on the perfect cylindrical 
TMo1o mode. 


3R. V. Pound, “Microwave Mixers,” vol. 16, M.I.T. Rad. me 
Ser., pp. 215-218. 
4W.L. Barrow and W. W. Mieher, “Natural oscillations of electri- 


cal cavity resonators,” Proc. IRE, vol. 28, pp. 184-191; April, 1940. 
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Fig. 2—Coupled properties of 10 cavity. f =9280 mc. 
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Fig. 3—Coupled properties of an ideal cavity. Qu =5000. 


_ The 1Q series cavity uses a configuration that is much 
| closer to the TMoo mode than to the TMoo capacity 
- loaded coaxial mode that has been more widely treated 
, due to its application to klystron design. The desirable 
. feature of the nosed-in cavity is that the presence of the 
nose provides a high tuning rate for compensation pur- 
| poses. The nose, however, will lower the Q as compared 
| to the associated TMoio cavity. This is borne out in 
= 4, which gives the relative Qu values for nosed-in 
} 


cavities as a function of their geometry. Frequency is 
held constant. To calculate the frequency to a sufficient 


/ 
| 


| 


i 
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Fig. 4—Unloaded Q for nosed-in cavity. Material—copper. 


accuracy (1 per cent) for the geometries of greatest in- 
terest, it was necessary to extrapolate the curves given 
by Holstein and Mayer.® The Q values were calculated 
from a method given by Warnecke and Guenard® for 
nosed-in cavities in the capacity loaded coaxial mode. 
The legitimacy of 


(ro? a ry?)L- + 7r,?2d 


Qu — AgSl2 Amel i tl2g dtp tle Ke 
[re (r2 — 1) + ri(d — 2d) | 
u=4X 10% 
o = conductivity 


f = frequency 


K = geometric parameter = 


1/s { { mas 


(approximately unity, also see Fig. 134 of footnote 6) 


r1, ’2, 1, 2d = cavity dimensions, [Fig. 5(a) next page] 


the use of their formula is justified by comparison with 
the value of Qu computed for nearly equivalent TMoyo 
cavities and by subsequent experiment. Fig. 4 shows 
that the final choice of geometry thus represents a com- 
promise between tuning rate, size, and Qu. 

These curves give a Qu of 6800 for the 10 while meas- 
urements yield a Qu of 5000. Studies of the various sur- 
face conditions and assembly techniques were under- 


5 T. Holstein and E. Mayer, “Resonant Frequencies of the Nosed- 
in Cavity,” Westinghouse Electric Corp., Res. Rep. SR-281. 

6 R. Warnecke and P. Guénard, “Tubes Electronique 4 Modula- 
tion de Vitesse,” Gauthier-Villars, Paris, France, p. 234. 
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Fig. 5—Nosed-in cavity nomenclature and assembly. 


taken to see whether higher Q could be obtained in 
practice. Tests showed that the smoother side wall sur- 
face obtained by ball-burnishing was no better than a 
machined side wall. The corrugated diaphragm was 
equally as good as a smooth machined surface. The chief 
loss of Q that could be improved by changing fabrication 
technique was in the braze joints. Poor joints resulted 
in extremely low Q values because cavity currents flow 
perpendicular to these joints. Even the best of joints 
using silver-copper eutectic solder resulted in a sub- 
stantial loss of Q. A special set of cavities was con- 
structed that were machined in different fashions. Re- 
ferring to Fig. 5(b) and Table I we can see that the 


TABLE I 

Qu 
6380 brazes at both ends 
7120 
7320 nose end brazes only 
7800 
7340 plug end brazes only 
8250 


elimination of at least one braze joint made a substantial 
contribution to the unloaded Q of a WX-3622 cavity 
having a theoretical unloaded Q of 9000. Cavities made 
with joints parallel to the path of current flow showed 
almost no reduction of Q, but construction of this type 
is difficult. The size of the coupling holes affected Qu but 
the size ultimately is dictated by the coupled character- 
istics of the cavity. The input and output windows also 
decreased the unloaded Q by adding dielectric loss. This 
was substantially eliminated by the use of 7070 glass. 


TEMPERATURE COMPENSATION 


The theory of 2nd order compensation has been 
treated by Wheeler.? We may review these results before 
applying them to this compensation problem. If cavity 
wavelength scales linearly with change in dimension, 
we may write cavity frequency as a function of tem- 
perature. 


Af = — fo(aiAt + BAZ?) 


7M. S. Wheeler, “Tunable temperature compensated reference 
cavity,” Wireless Eng., vol. 32, pp. 201--205; August, 1955. 
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where 
Af =frequency change in mc 
o=resonant frequency 
At=change in temperature in °C 
Qy, &=1st order coefficients of thermal expansion 
6,, Bg=2nd order coefficients of thermal expansion. 


As shown in Fig. 7, we may then introduce a tuner 
of length L (of a second metal having expansion coeff- 
cients a@, 62) which has a tuning rate of R mc per mil. 
Then 


— fo(aiAt + B,A?’) 
+ RL} (a2 — a)At + (82 — Bi) At}. 
If we multiply through by 1/At and setting Af/At equal 


to 0, we obtain the equation of 1st order compensation. 


Af 
fe: = — foa, + RL(az — a1) 
+ second order terms |—fo@1 + RL(B2 — By) |At 
= — foar + RL(a2 — an). 


When RL is made equal to fyai(az—a;) the first order 
error is zero. Using this value of RZ in the original 
expression will give us the residual shift that can not 
be eliminated by a bimetal. 


(a4B2 a 23) : 


(ae a 1) 


Af = 


Or 


Af = foAl? 


The resulting equation shows that for a given tempera- 
ture change, the change in frequency is a function of 
the material properties only. An examination of Fig. 6 
shows that copper can be best compensated with iron, 
but the resulting bimetal would be too long due to the 
small difference in a values. These curves should serve 
as a guide as actual materials do not behave precisely 
as the published expansion figures. Many of these 
curves, however, were confirmed by measurements on 
uncompensated cavities. The concave upward char- 
acteristic of tungsten will be shown to be desirable for 
it will compensate for nonlinearities in the tuning rate 
(R) characteristic. The tungsten compensator will fit 
the nosed-in cavity compensation requirements nicely 
since a low expansion system moving the nose would 
compensate a copper cavity. This is most fortunate 
since tungsten is easily fabricated in rod form. If we 
were required to work with a TE cavity, for example, 
we would be required to attach the copper to one 
side wall and make the cavity body out of tungsten. 
Several configurations could be considered as possi- 
ble alternate designs for a nosed-in cavity. Referring to 


Fig. 7, configuration #1 is essentially the 10 structure - 


with a tungsten strut substituted for the invar. This 
design shows pronounced hysteresis (changes in room 
temperature frequency with temperature cycling) and 
requires a high conductivity plating on the tungsten. 
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Fig. 6—Residual temperature compensation. 
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Fig. 7—Nosed-in cavity configurations 


The portion of the tuner within the cavity might have 
been made of copper but this would have increased the 


- over-all size. The hysteresis is the result of cold working 
' the diaphragm during temperature cycling. This has 
» been measured as high as 0.4 mc for a 9280 mc cavity. 


Configuration #2 offers a method of eliminating dia- 


‘ phragm hysteresis by use of a choke joint to allow 


the bimetallic action. Unfortunately, the nose plating 
is still a problem, and the design has low unloaded Q 
due to the break in the cavity wall. The base of the 
nose is a high current point. The choke would be better 


: located as it is in configuration #3 where a nose-in-nose 


structure is chosen. Here the choke joint is located 


> close to the current zero which appears at the center of 


the end of the nose. This design offers greater latitude 
in choke joint design and the nose plating problem is 


» eased due to the smaller current flowing over it. 


Fig. 8 shows the tuning properties and unloaded Q 
for a cavity with a nose-in-nose configuration. As the 
inner nose is advanced into the cavity, tuning rate in- 
creases as frequency and unloaded Q decrease. The 
tuning rate R is chosen depending on the compensator 
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Fig 8—Tuning rate and Qu for nose-in-nose cavity 


length that can be used, over-all size being the deter- 
mining factor. A typical value might be 9.4 mc/mil. 
Note the nature of the tuning rate curve in terms of 
compensator action. As the cavity system is heated, 
the inner nose is withdrawn by the bimetal to compen- 
sate. However, the tuning rate decreases as the inner 
nose is withdrawn. When the cavity is cooled, the op- 
posite effect takes place. This has the effect of adding 
first order error to the curve for copper-tungsten shown 
in Fig. 6. The net effect is to pull the concave upward 
into one that is concave downward. This is shown in 
Fig. 10 to be less than 0.1 me from —55°C to +71°C. 
The nonlinearity of the tuning rate may be used to ad- 
vantage to adjust the value of compensation on indi- 
vidual cavities. 

The Westinghouse WX3622 cavity was developed 
along the lines of thought described above. It is a tung- 
sten compensated copper cavity which is evacuated 
and sealed. The mechanical isolation from the wave- 
guide of the 1Q series* was preserved by holding the 
cavity in an aluminum block with thin mounting rings. 
The input vswr was held to 1.4 max, with transmission 
fraction 4+, and loaded Q 2100 to 2400. To insure the 
accuracy of the compensation and frequency setting, 
considerable work was done to improve present fre- 
quency measuring systems. Great pains were taken to 
match the test systems. The most important improve- 
ment was the change in presentation technique. By use 
of an electronic switch, the cavity response was placed 
on the scope along with the swept klystron mode. This 
allows accurate tuning of the klystron. Improper “peak- 
ing” of the klystron turned out to be a chief source of 
error in previous work. Pulses are generated by beating 


8 D. Alpert et al., U.S. Patent No. 2,584,717. 
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Fig. 9—Oscilloscope trace for frequency measurement. 


a standard frequency harmonic against the swept 
klystron. The pulses become intensity modulation 
(dots) on the scope and frequency is measured by level- 
ing these dots. It can be seen in Fig. 9 that if the klys- 
tron is tuned so that cavity frequency is on the sloping 
portion of the caracteristic, an error will result in fre- 
quency reading. Present technique calls for leveling the 
dots on both the cavity response and on the klystron 
mode. Under these conditions equal power at the meas- 
urement level is assured and klystron tuning error is 
eliminated. 

These improvements in technique allow a more 
thorough evaluation of cavity performance. Fig. 10 
shows the performance of a WX3622 cavity, a 10 cavity 
and the performance of a cavity exhibiting pronounced 
hysteresis, such as might be expected in a diaphragm 
cavity. The amount of hysteresis in a diaphragm cavity 
varies and is related to the amount of movement in 
temperature cycling that occurs. Compensation better 
than 0.1 mc can be achieved over the temperature 
range from —55°C to +71°C. This includes hysteresis 
effects. The second curve also represents the perform- 
ance of a tungsten strut diaphragm cavity. The differ- 
ence in performance is due to diaphragm setting. A great 
deal of time was spent in studying and eliminating 
long term drift in these cavities. Originally, glassed 
Kovar washers soft soldered to the body were used as 
windows for the coupling holes. Temperature cycling 
cavities with these windows produced a negative fre- 
quency shift or set each cycle, always occurring after a 
cold (—55°C) cycle. Apparently the soft solder joint 
was sufficiently hard at the cold temperature to firmly 
bond the Kovar washer to the copper body and pre- 
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Fig. 10—Cavity compensation. 


vent its normal contraction. The result was a net out- 
ward distortion of the copper body. At higher temper- 
atures the solder was soft enough to yield and no strain 
was transmitted to the copper body. This phenome- 
non was traced up to 25 cycles. By eliminating the 
Kovar and substituting a copper washer and a resin 
to glass joint, the soft solder no longer affected the 
cavity stability. Cavities have been cycled up to 50 
cycles from 100° to —55°C with less than 0.1 mc change 
in room temperature frequency. Most of this occurs in 
the first few cycles and some sort of aging is required 
before the cavity is judged to be stable. 
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The Relationship of Physical Applications of Fourier 
Transforms in Various Fields of Wave 


Theory and Circuitry* 


E. FOLKE BOLINDERf 


Summary—A procedure is presented for connecting some known 
physical applications of Fourier transform pairs in different branches 
of the theory of waves and circuitry. After an investigation of the 
cases of diffraction, reflection, and coupling of waves, deflection 
of particles (which includes the cathode-ray-tube case and so-called 
gap effect) and the closely related scanning problem are examined. 
Finally, extension to random functions is discussed briefly. 


INTRODUCTION 
yess the last decades, more and more engi- 


neers and physicists have started to use the 

Laplace and Fourier transformations in solving 
their problems. The idea is that a problem that is diffi- 
cult to solve in one domain might be easily solved after 
transformation to another domain, whereupon a trans- 
formation is made back into the original domain. Ac- 
tually, every engineer is performing the same type of 


_ operations in multiplying two numbers by adding their 
_ logarithms on his sliderule. 


In this paper, only the Fourier transformation arising 


_ from integration along the real axis in the two domains 
_ will be considered. The connection between this trans- 
_ formation, the Fourier transformation in the complex 
_ plane, the two-sided and the one-sided Laplace trans- 


{ 


| Theory of the Saddlepoint ‘Method of Integration,” 


formations has been lucidly described by van der Pol 
and Bremmer.! The method of extending real integrals 
into the complex plane is well known from the residue 


calculus. When even the complex integral is difficult to 


calculate, approximate integration has to be used. 
Until about eight years ago only two methods were 
known, both giving asymptotic series as results. The 
methods are called the saddlepoint method and the 
stationary phase method. Since that time, Cerrillo at 
M.I.T. has created a new theory of approximate inte- 
gration founded on five new methods, all giving uni- 
formly convergent series” as results. 


* Manuscript received by the PGMTT, October 5, 1956. Reprint- 
ed from Acta Polytechnica, Physics, including Nucleonics Series, vol. 


_ 3, p. 189, 1956. The work was made possible by research grants from 


the Swedish Gov. Tech. Res. Council, Stockholm, Sweden, and 


_ Telefonaktiebolaget LM Ericsson, Stockholm, Sweden. 


+ Formerly with the Royal Inst. of Tech., Div. of Radio Eng., 


| Stockholm, Sweden; now at the Res. Lab. of Electronics, Mass. 


Inst. of Tech., Cambridge, Mass. 

1B. van der Pol and H. Bremmer, “Operational Calculus Based 
on the Two-Sided Laplace Integral,” Cambridge University Press, 
London, Eng.; 1950. 

2M. V. Cerrillo, “On the Evaluation of Integrals of the Type 


f(n, T2,° °°, Tn) = — f Bisyeronita mas 
2rt 


and the Mechanism of Formation of Transient Phenomena,” Tech. 
Rep. No. 55, Res. Lab. of Electronics, Mass. Inst. Tech., Cambridge, 
Mass. Of six parts, no. 2a, “An Elementary Introduction to the 
has been pub- 
lished; May 3, 1950. 


In this paper, an elementary theory is formulated 
for connecting some known physical interpretations of 
Fourier transform pairs in different branches of the 
theory of waves and circuitry. This way of putting 
things may be considered a little unusual. Ordinarily, 
a specific problem is stated and the mathematical tools 
for solving it are looked for. Here, the tool, Fourier 
transformation, is given, and the connection between 
some known problems that can be solved by means of 
Fourier transforms is studied. 

So many papers have been published on the use of 
Fourier transforms in engineering and physics that the 
author is compelled to refer only to certain specific 
papers in the different fields. 


THE FOURIER TRANSFORMATION 


As is well known, a Fourier series expansion may be 
written in the exponential form 


Cc 


f(x) = a anei?rnvid) where (1) 
d/2 

a, = — f(vje7Crnrr/D dy, (2) 
( d J_aj 


By means of a limiting process, this series expansion 
can be transformed to an integral 


fe) = f-[ f sore roray ferman. — @) 
rciaynetiy 

Fo) =f  seeeona (4) 

10) = f Paper, (5) 


The function F(z) is called the Fourier transform of 
f(v); f(v) is called the inverse Fourier transform of 
F(u). Together they form a Fourier pair. This Fourier 
pair, (4) and (5) has been tabulated; the most extensive 
table is the one by Campbell and Foster.’ 


3G. A. Campbell and R. M. Foster, “The practical application of 
the Fourier integral,” Bell Syst. Tech. J., vol. 7, pp. 639-707; October, 
1928. 


Campbell and Foster, “Fourier Integrals for Practical Applica- 
tions,” Bell Syst. Tech. J., Monograph B584; September, 1931, and 
D. Van Nostrand Co., Inc., New York, N. te 1948 
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When f(v) and F(z) are discontinuous, (4) and (5) 
have to be written as Fourier-Stieltjes integrals: 


\F (1) =a e—?2rurda(y) (6) 


—0O 


iC) [ emacta) (7) 

where 
eo) =f Sled (8) 
Gu) = [F(a (9) 


—o 


The functions g(v) and G(u) are called distribution 
functions; f(a) and F(8) are called density distribution 
functions. 

Very often the function F(«) is “normalized”: 


Fu) t [. tocrera 
FGi yan “ 
as if f(v)do 


When the first derivatives of f(v) or F(u) are discon- 
tinuous, the so-called first corner theorem, stated by 
Cerrillo in a rigorous mathematical form,’ has to be 
used. When, for simplicity, in the following we mainly 
treat continuous functions satisfying (4) and (5), it is 
understood that a small change of this Fourier pair 
makes it rigorously applicable as well to discontinuous 
functions and impulse functions. 


F(U)norm = (10) 


DIFFRACTION OF WAVES 


Let us assume that we have a finite aperture in the 
interval —(d/2)<x<(d/2), and that the aperture is 
excited by a wave, see Fig. 1, so that all elements of the 
aperture are in phase and have a density distribution 
function f(x). We now select a point P in the so-called 
Fraunhofer region; 1.e., at such a distance from the 
origin that rays from the aperture towards P may be 
considered to be parallel. Adding the contributions of 
all element waves from the aperture at P we get 


d/2 
Ji eernre sin Idx 
—d/2 


Fi(8, k) = (11) 


where F,(6, 2) equals F(6, 2) multiplied by a phase fac- 
tor determined by P’s exact position, @ is the angle be- 
tween the rays and a line perpendicular to the x axis, 
and the wave number k=1/X. 

Putting 


—ksinéd=u 


(12) 


4M. V. Cerrillo and E. F. Bolinder, “On Basic Existence The- 
orems in Network Synthesis, Part IV: Transmission of Pulses,” 
Tech. Rep. No. 246, Res. Lab. of Electronics, M.I.T., Cambridge, 
Mass.; August, 1952. 
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wave 


Fig. 1—Diffraction of a wave. 


we get 


d/2 
f(x) e f2rutd x, 


—d/2 


Fi(u) = (13) 
This is a Fourier integral, because f(x) =0, | «| > (4/2) 
The inverse Fourier transform is 


f(s) = [ Puaeremdu, (14) 


—o 
We now have two cases to consider: 
1) k is a constant, 0 is a variable. 


This case, known by Michelson in 1905, has been 
extensively treated in literature. A critical examination 
of the conditions under which it is right to consider 
F (uw) to be an antenna polar diagram was lately made 
by Booker and Clemmow.® They introduced a powerful 
concept called angular spectrum. 

The integrals (13) and (14) can easily be extended to 
two or three dimensions, and have proved to be of great 
value in works dealing with diffraction of X rays and 
electrons by crystals. They have also been used, for 
example, in optics, in antenna theory, and in acoustics. 
The first to suggest the use of Fourier series in crystal 
analysis problems is thought to be W. H. Bragg in 1915. 
Since then, many papers have been published in that 
field; an article by Patterson® and a monograph by 
Wrinch’ may be mentioned as examples. 

During the second world war, Ramsay created an 
antenna theory® by interpreting the theorems in the 
Campbell-Foster table, mentioned above, in terms of 
antenna theory. At the same time Booker and his group 

5 H. G. Booker and P. C. Clemmow, “The concept of an angular 
spectrum of plane waves, and its relation to that of polar diagram 
and eee distribution,” Proc. IEE, part III, pp. 11-17; January, 

SINT Patterson, “The diffraction of X-rays by small crystalline 
particles,” Phys. Rev., vol. 56, pp. 972-977; November, 1939. 

7D. Wrinch, “Fourier transforms and structure factors,” Axsred 
Monograph no. 2, The American Society of X-ray and Electron 


Diffraction, Murray Printing Co., Cambridge, Mass.; February, 
1946. 
8 J. F. Ramsay, “Fourier transforms in the aerial theory,” six 


parts in the Marconi Rev., 1946-1948, based on two reports written 
in 1942-1943. 


‘independently 
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used Fourier transforms for determining cosec 6 antenna 
patterns. On the basis of analogies in optics, Spencer® 
constructed an equivalent antenna 
theory. A book on the applications of Fourier integrals 
in optics has been published by Duffieux.!° 

In acoustics the Fourier pair, (13) and (14), has 
been used in designing microphones and loudspeakers."! 

Both in electromagnetic theory and in acoustics, it 
is common to extend this Fourier pair to two dimen- 
sions and, after that, to make a transformation to polar 
coordinates. In that way, a Fourier-Bessel transform 
pair originates. For this pair the author has not been 
able to find any extensive table corresponding to the 
Campbell-Foster tables. 


2) 6 is a constant = —90 degrees, & is a variable. 


In this case we get 


d/2 

Fe) e fle? kad (15) 
—a/2 

| f(#) = [ P@erras (16) 


and the point P is located as shown in Fig. 2. 


REFLECTION OF WAVES 


In the diffraction case, Fig. 2, the wave exciting the 
aperture may be thought of as having its wavefront 
parallel to the x axis. If, instead, we assume that the 
wave is coming in toward the interval —(d/2)<x 
<(d/2) in the positive x direction (Fig. 3) and is partly 
reflected in the interval, we get the following integral 
for the reflection coefficient at P: 


a/2 
DIR) ES i P(a)en 227 Faq y (17) 


—d/2 


where P(x) is the variable reflection coefficient in the 
interval. Since there are no reflections for | «| = (d/ 2), 
the limits may be replaced by — ~ and in the same 
way as in the diffraction case. The Fourier transform 
originating has the following mate: 


P= [ Qersae, (18) 


—o 


Since the wave travels back and forth, distance x in the 
diffraction case is now replaced by distance 2x. 
Practically, the simplest way of realizing this situa- 
tion is by means of a dispersion-free coaxial tapered line. 
See Fig. 4. It can easily be shown that the connection 


9R. C. Spencer, “Fourier Integral Methods of Pattern Analysis,” 
Rad. Lab. Rep. 762-1, M.I.T., Cambridge Mass.; PB 15305; Janu- 
ary, 1946. 

10 P. M. Duffieux, ‘‘L’intégrale de Fourier et ses applications a 
l’optique,” Société Anonyme des Imprimeries Oberthur, Rennes, 
France; 1946. 

nH, F. Olsen, “Elements of Acoustical Engineering,” D. Van 
Nostrand Co., Inc. New York. N.Y.; 1940. 
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wave 


Fig. 2—Diffraction of a wave, 6= —90°. 


P(x) 


reflected| wave 


Fig. 4—Coaxial tapered line. 


between the variable reflection coefficient P(«), and the 
variable characteristic impedance, Zo(x), is the follow- 
Wages 


1 dlnZ (x) 


P © = 
(*) 2 dx 


(19) 
Some restrictions have to be imposed on the reflection 
coefficients so that the Fourier integrals will be valid 
with great accuracy. These restrictions are that, in order 
to retain a plane field in the line, both P(«) and pi(k) 
have to be small compared to unity. 


12—. F. Bolinder, “Fourier transforms in the theory of inhomo- 
geneous transmission lines,” Trans. Royal Inst. Tech. (Stockholm, 
Sweden), no. 48; 1951. Also see Proc. IRE, vol. 38, p. 1354; Novem- 
ber, 1950. 
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COUPLING OF WAVES 
By exchanging the concept of reflection for that of 
coupling in the preceding section, we obtain an ap- 
proximate theory of, for instance, the directional cou- 


pler. The Fourier transform pair is directly 


d/2 


| Teed) = . I(x) e~ 72" 22d x 


d/2 


(20) 


I(x) = [Troe beth (21) 


\ —x 


where J(x) is the coupled wave at a distance x, and 
Trey is the total reversed wave in the coupled transmis- 
sion line. 

In the tapered line case the incident wave and the 
reflected element waves were enclosed in the same trans- 
mission line. In the coupling case the incident wave and 
the reflected waves travel in different transmission lines. 
See Fig. 5. Independent of the above theory, Miller, at 
the Bell Telephone Laboratories, recognized the Fourier 
transform formulation of the directivity of directional 
couplers. The work was presented in a joint paper with 
Mumford at the IRE Convention in 1951.4 


incident wave eer F 
transmission line L 


x 
transmission line IL 


1 
nla—|— 
nmia—|—|— 


Fig. 5—Coupling of waves. 


The directional couplers, both continuous and dis- 
crete, are well suited for frequencies in the microwave 
and vhf regions. For lower frequencies, it is possible 
to use a discrete folded directional coupler. See Fig. 6. 
Replacing the pieces of transmission lines between the 
coupling holes by delay networks and the couplings by 
amplifying devices, a distributed amplifier is obtained. 

At low frequencies it is possible to use the upper half 
of the configuration in Fig. 6 and match it at the re- 
ceiving end. See Fig. 7. The former coupling points are 
connected to phase-shifting attenuating or amplifying 
devices. Because of the low frequency, the tapping 
points 7;, T2,---, Z, may be connected together to 
a common output P. The type of filter originating was 
thoroughly investigated by Kallmann,® who called it a 


13 E. F. Bolinder, “Approximate theory of the directional cou- 
pler,” Proc. IRE, vol. 39, p. 291; March, 1951. 

4S. E. Miller and W. W. Mumford, “Multi-element directional 
couplers,” presented before the IRE National Convention, New York, 
ING YosMarch, 1951: 

16H. E. Kallmann, “Transversal filters,” Proc. IRE, vol. 28, 
pp. 302-310; July, 1940. 
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Fig. 7—Transversal filter. 


“transversal” type of filter, to distinguish it from the 
ordinary “longitudinal” type of filter. The transversal 
filter has many features analogous to the grating spec- 
troscope. Similar systems were described in patents 
filed in 1931 by Wiener and Lee. By replacing the 
pieces of transmission lines in Fig. 7 by delay networks, 
Stutt!” constructed a delay-line network with which 
transient phenomena, Fourier transforms, convolution 
integrals, and so on, can be studied on a cathode-ray 
tube. 

At still lower frequencies the concept of distance com- 
pletely loses its significance. By putting x=ct, k=f/c, 
where c is the velocity of light, we obtain the well- 
known Fourier pair in time-frequency domains: 


Fi) = f seer (22) 


fo = { P(pettd (23) 


REFRACTION AND POLARIZATION OF WAVES 


For the sake of completeness, it would have been 
nice if the concept of reflection given above could also 
be exchanged for the concepts of refraction or polariza- 
tion. However, as shown by Fig. 8, in these cases no 
interference is obtained between element waves in the 
same sense as in the other cases, so that no Fourier 
transform pairs similar to the ones above are obtained. 


DEFLECTION OF PARTICLES: THE SCANNING 
PROBLEM 


In the different cases above, we have assumed that 
the point P is fixed, and that the waves move and are 
added at P. We may, however, just as well assume that 
we have a fixed field varying sinusoidally with time 
in the interval —(d/2)<x<(d/2), and that P con- 


16 N. Wiener and Y. W. Lee, “Electrical network system,” U.S, 
Patent No. 2024900; December 17, 1935 (filed September 2, 1931). 

17C. A. Stutt, “Experimental Study of Optimum Filters,” Tech. 
Rep. No. 182, Res. Lab. of Electronics, M.I.T., Cambridge, Mass.; 
May, 1951. 
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stitutes a particle moving through the interval. The 
field may be transversal or longitudinal and the particle 
may be of different kinds. During its travel through the 
field, the particle is exposed to influences from the field, 
and the influences are summed up after the particle has 
passed through the interval. 

Because the particle P always travels with a velocity 
less than that of light, we have to introduce a fictitious 
wavelength }\,=1/k., if we want to use the same for- 
mulas as those given above. If v is the velocity of the 
particle P, and ¢ is the velocity of light, 


C 
Re EES R. (24) 
v 
The Fourier transform pair is 
a/2 
riko = [fete as (25) 
—d/2 
f(x) = it Palko lev dk. (26) 


Fig. 8—A wave through a refracting or polarizing medium. 


The Cathode-Ray-Tube Case 


If the particle P constitutes an electron, and the 
density distribution function f(x) is an electric field 
transverse to the x axis (formed, for instance, by metal- 
lic plates according to Fig. 9), then the cathode-ray- 
tube case is obtained. It has been shown!’ that in this 
case F\(k,) is the dynamic sensitivity factor of the cath- 
ode-ray tube. Theoretically, the case may be thought of 
as originating from the reflection case by exchanging 
the concept of reflection for that of angular deflection. 
The corresponding approximations are that, both the 
variable angular deflection of the electron beam, f(x) 
=¢(x), and the total deflection angle at the end of the 
deflection, Fi(k.) =¢a(k-), must be small. 


The Gap (Shit) Effect 


If an electron P, instead of passing through a trans- 
verse electric field, passes through a parallel field (see, 
for example, Fig. 10), the instantaneous velocity of P 
will be changed. If we assume that the velocity change 


18 —. F, Bolinder, “A theory of determining the dynamic sensi- 
tivity of cathode-ray-tubes at very high frequencies by means of 
Fourier transforms,” IRE Trawns., vol. ED-2, pp. 44-50; January, 
1955. 
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Fig. 10—An electron in a longitudinal field. 


is small, so that the total transit time through the field 
can be assumed to be constant, then F(R.) constitutes 
the so-called beam coupling factor obtained, for in- 
stance, in klystron theory. An analogous transit time 
factor is obtained in transistor theory. The coining of 
the expression “gap effect” for these factors perhaps is 
still better understood in cases in which P constitutes a 
particle of a band running in front of a gap having a 
fixed field distribution. Examples are magnetic tape re- 
cording!® and reproduction of movie film.?°?! In all 
of the examples given above, the gap factor, which for a 
parallel slit of width d follows the well-known expression 


sin tk .d 


Fy(Re) a 7a 
TKR 


(27) 


may be changed, inside certain limits, by changing the 
field distribution in the slit. 


THE SCANNING PROBLEM 


If, instead of a moving point P and a fixed aperture, 
we have a fixed point P and a moving aperture, the 
conditions of the scanning problem are fulfilled. Two 
fundamental papers dealing with the scanning problem 
in two dimensions have been written by Mertz and 
Gray”? and Wheeler and Loughren.* Both papers are 


19 F, Krones, “Die Magnetische Schallaufzeichnung in Theorie 
und Praxis,” special edition of Radiotechnik, Z. fiir Hochfrequens. 
Verlag B Erb, Wien, 1952. 

20 W. Meyer-Eppler, “Tonfilmspalt und filmfrequenzgang,” Kino- 
Technik, part I, pp. 1-7; January, 1943; part II, pp. 16-18; February, 
1943. 

2 W. Meyer-Eppler, “Verzerrungen, die durch die endliche durch- 
lassbreite physikalischer apparate hervorgerufen werden, nebst 
Anwendung auf die Periodenforschung,” Ann. Phys., vol. 41, pp. 
261-300; April, 1942. 

22,-P. Mertz and F. Gray, “A theory of scanning and its relation 
to the characteristics of the transmitted signal in telephotography 
and television,” Bell Syst. Tech. J., vol. 13, pp. 464-515; July, 1934. 

23H. A. Wheeler and A. V. Loughren, “The fine structure of tele- 
vision images,” Proc. IRE, vol. 26, pp. 540-575; May, 1938. 
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concentrated on the scanning problem in television, but 
the latter paper stresses the analogous conditions in 
optics. 

The step from the slit problem in optics to optical 
diffraction of an aperture is very small. Thus we may 
say that we have returned to our starting point. 


FOURIER PAIRS IN TIME AND FREQUENCY DOMAINS 


In our modern world of pulse-modulated links, tele- 
vision sets, and radars, the Fourier pair in time and 
frequency domains, (22) and (23), known since the days 
of Fourier and Lord Rayleigh, has had extensive use. 
The author confines himself to pointing out two papers 
by Cherry™ and Levy.” 

This Fourier pair lately obtained special application 
in the theory of superregeneration.**-*°, In this theory 


J) — st) = exp ii ear (28) 


where s(t) represents the variation in impulse sensitivity 
with time and is, therefore, called “sensitivity pulse,” 
a=G/2C, Gis the conductance, and C is the capacitance 
of a single tuned circuit. 

Wheeler,®® in 1942, recognized that the frequency 
function representing the selectivity of a simple super- 
regenerative circuit is the Fourier transform of the 
sensitivity pulse. 


RANDOM FUNCTIONS 


The different Fourier transform pairs discussed above 
can be extended to be valid for random functions. The 
well-known Wiener-Khintchine theorem states that the 


24. C. Cherry, “Pulse response: a new approach to ac electric 
network theory and measurement,” J. JEE, vol. 92, part III, pp. 
183-196; September, 1945. 

2 M. M. Levy, “Fourier series and Fourier transform analysis,” 
J. Brit. IRE, part I, vol. 6, pp. 64-73; March-May, 1946; part 
ity yok, 6, > PR. 228- 246; December, 1946. 

26 H. A. Wheeler, “A simple theory and design formulas for super- 
regenerative receivers,” Wheeler Monographs No. 3; June, 1948. 
27H. A. Wheeler, “Superselectivity in a superregenerative re- 
ceiver,” Wheeler Monograph } No. 7; November, 1948. 

28 W.E. Bradley, “Superregenerative detection theory,” Electron- 
ics, vol. 21, pp. 96-98; September, 1948. 

29 A. Hazeltine, D. Richman, and B. D. Loughlin, “Superregenera- 
tive design,” Electronics, vol. 21, pp. 99-102; September, 1948. 

30 H. A. Wheeler, private correspondence. 
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power density spectrum and the correlation function 
are Fourier transforms of each other. Correlation func- 
tions have found applications, for example, in X-ray 
crystallography (Patterson diagrams), optics, antenna 
theory, acoustics, communication theory, and statistics. 
Much work has been done and is still going on, to figure 
out the exact interrelations among these different fields. 
A complete treatment of the random functions cases 
with references is, however, outside the scope of this 
paper. 


CONCLUSION 


The different physical applications of Fourier trans- 
form pairs discussed above show a selection of the great 
variety of problems which can be treated by one and 
the same mathematical tool, Fourier transformation 
theory. Thus, results in one field are immediately ap- 
plicable in another field. Computations are simplified 
by existing tables and calculating machines. In the 
cases in which severe assumptions limit the practical 
use of the theory, the Fourier transform pairs have to | 
be modified. Even in these idealized cases, however, the 
Fourier theory is of great value because it is simple and 
comprehensible. The presentation above constitutes an 
attempt to show, in a graphic way, how some known 
Fourier transform pair applications may be thought of 
as fitting together. 
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A Variant in the Measurement of Two-Port Junctions* 
GEORGES DESCHAMPST 


Summary—Projective constructions are described for deducing 
the iconocenter of a two-port junction from input reflection coeffi- 
cient measurements taken with a short circuit placed in various posi- 
tions in the output waveguide. The wavelength in the ouput line is 
deduced from a four-point measurement. If this wavelength is 
known in advance, a three-point measurement gives all the informa- 
tion needed to construct the iconocenter. 


INTRODUCTION 
A DETERMINATION of the scattering matrix 


of a two-port junction and methods for making 

impedance measurements through such a junc- 
tion have been described.!~* They all make use of the 
iconocenter, 7.e., of the input reflection coefficient corre- 
sponding to a matched output waveguide. 

When no matched load is conveniently available, the 
iconocenter can be deduced from the input reflection 
coefficient measured for two pairs of reactive loads, each 
pair corresponding to short circuits spaced a quarter- 
wave apart. 

As pointed out by Wentworth and Barthel‘ restrict- 
ing the displacements of the short circuit to quarter- 
wave steps or to some fraction of the wavelength can 
be very inconvenient when taking measurement on a 
single junction over a large band of frequencies: it means 
an adjustment of the short positions for each new fre- 
quency. The authors propose a solution based on arbi- 
trary fixed location of the short circuits and give a con- 
struction of the iconocenter based on the intersection of 
two circles. 

The present note describes solutions to the same 
problem which are based on projective constructions. 
They are simpler in that they do not require drawing 
of a larger number of circles. They also have the ad- 
vantage of not requiring the knowledge of the wavelength 
in the output waveguide. 

These constructions were in fact originally devised to 
determine the wavelength in Microstrip by indirect 
measurement. They would apply to any medium where 
it is not convenient to move the short circuit back and 


* Manuscript received by the PGMTT, October 11, 1956. 

{ Federal Telecommunication Labs, Nutley, N 

1G, A. Deschamps, “Determination of reflection coefficients and 
insertion loss of a waveguide junction,” J. Appl. Phys., vol. 24, pp. 
1046-1050; August, 1953. 

2G. A. Deschamps, “A Hyperbolic Protractor for Microwave 
Impedance Measurements and Other Purposes,” Federal Telecom- 
munication Labs, 1953. 

3 J. E. Storer, L. S. Sheingold, and S. Stein, “A simple graphical 
analysis of a two-port waveguide junction,” Proc. IRE, vol. 41, 
pp. 1004-1013; August, 1953. 

4F, L. Wentworth and D. R. Barthel, “A simplified calibration 
of two-port transmission line devices,” IRE Trans., vol. MTT-4, 
pp. 173-175; July, 1956. 


forth. In the measurement on Microstrip for instance, 
the line under test was successively cut to produce the 
reactive termination of variable phase, and there was 
no possibility to adjust this phase before knowing the 
wavelength. 

The constructions will be described for reactive junc- 
tions but apply just as well to lossy junctions. They 
give the “crossover” point from which the iconocenter 
follows by the construction 8.” 


EXPERIMENT AND CONSTRUCTIONS 


The experimental procedure (Fig. 1) consists of plac- 
ing the short circuit in 4 positions—1, 2, 3, 4—equi- 
spaced but not in any relation to the wavelength. The 
“images” or input reflection coefficients are plotted on 
the reflection chart as M,’, M2’, M3’, M4’, and fall on the 
circle I’. (IY coincides with the unit circle when the 
junction is loss free.) 


SHORT CIRCUIT 
POSITIONS 


4.935 12h 


GENERATOR JUNCTION 


SLOTTED LINE 


Fig. 1—Experimental setup. 


Considering at first the 3 consecutive loads’ positions 
1, 2, and 3 in the output line, they are represented by 
M,, M2, M; on the unit circle [ and the arc M, M2 equals 
the arc M_)M3 [Fig. 2(a), next page |. The diameter of the 
circle I’ through the point M, therefore goes through the 
intersection 7 of the tangents to the circle I at the 
points M, and M3. Using the projective representation 
of reflection coefficients? the image of this diameter [Fig. 
2(b) | is therefore the line joining M,’ to the intersection 
T’ of the tangents at points M4,’ and M;’ to the circle I’. 
This is one locus for the image O” of O. Another straight 
line locus is deduced in the same manner from the points 
M./, M3’, and M,’. As shown in Fig. 3, O’ is the inter- 
section of the two lines, 7’M.’ and U’M;'. The point 
O’ image of O on the projective chart is called the 
cross-over point.'~*? The iconocenter on the conformal 
(Smith) chart is related to it as described in these ref- 
erences. 

There are many other versions of this projective con- 
struction. One that is particularly useful when the 
tangents to the circle I’ do not intersect within the lim- 
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(b) 


Fig. 2—Projective construction of the image of a diameter. 


r 


Fig. 3—Construction of the crossover point from the reflection 
coefficients for four equispaced loads (wavelength unknown). 


its of the page is shown in Fig. 4(b). The transform or 
image of the diameter is the line M:’C’ where C’ is the 
intersection of M,’B’ and M;'A’. This is justified by con- 
sidering Fig. 4(a) before the transformation. 

Once O’ has been found, projection of My’, M2’, M3’, 
M,/ through O’ onto the circle I” will give the points 
M,'"’, M,/’, M;/’, and M,’’ which are equispaced along 
this circle. The angle between two successive points 
(M,’’, M.’’) for instance, is the electrical angle corre- 
sponding to the displacement from 1 to 2; hence this 
gives a means of finding the wavelength in the output 
waveguide. 

This determination of the wavelength resulted from 
measurement on four arbitrary equispaced loads. Con- 
versely, if the wavelength is known in advance, the 
point O’ may be determined from a three-point measure- 
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(a) (b) 


Fig. 4—Construction of the diameter image when the tangents at 
points My’ and M,;’ meet “out of bounds.” 


(a) (b) 


Fig. 5—Construction of the crossover point from a three-points 
measurement (wavelength known). 

ment. This is what is done in the construction of Went- 
worth and Barthel. A projective construction that leads 
to the same result quicker and without drawing circles 
is shown in Fig. 5. The diameter M»'T” is found as above 
and O’ is located on that diameter by using the invari- 
ance of the hyperbolic distance.? 


(O'B') = (OB). 


Fig. 5(a) is drawn making use of the known electrical 
angle a between 1 and 2 or 2 and 3. The “distance” 
(OB) is measured on that figure with the hyperbolic 
protractor or it is computed by 

1+ cosa 


(OB) = 10) logio coe 


a 
= 20 logig cot — : 
cosa 2 


[In nepers the hyperbolic distance (OB) is the anti- 
gudermaniam of (1/2) —a.] It is then used to lay out the 
distance (O’B’) on Fig. 5(b) by means of the hyperbolic 
protractor for instance. 

There are many other projective constructions for 
three- or four-point measurements for completely ar- 
bitrary load positions that can be devised by anyone 
familiar with projective geometry. They are somewhat 
more laborious than those based on equispaced loads. 
The latter are therefore recommended since they are 
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still compatible with measurements at variable fre- 
quency taken with fixed loads. 

Another practical recommendation is to use more 
than four loads in order to increase the precision by some 
averaging. This also makes it possible to choose for the 
construction the points that show the best configura- 
tion; for instance, to avoid the use of points that are 
too close together. 

Finally it should be noted that at a single frequency 
and when the wavelength is known, the quarter-wave 
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spacing leads to a simpler construction. For variable 
frequency the measurements take less time when fixed 
short-circuit positions are used, but the interpretation 
is slightly complicated. 

An obvious requirement when using this method is to 
have a good control on the frequency. In regions where 
the measured reflection coefficients vary rapidly with 
frequency, it may be advisable to go back to a meas- 
urement where the frequency is set and the short circuit 
moved. 
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WESCON Papers’ Deadline 
Set for May 1 


Authors wishing to present papers 
at the 1957 WESCON Convention to 
be held in San Francisco, Calif., on 
August 20-23 should send 100-200 
word abstracts, together with com- 
plete texts or additional detailed sum- 
maries, to the Technical Program 
Chairman, D. A. Watkins, Stanford 
Electronics Laboratories, Stanford 
University, Stanford, Calif., for con- 
sideration by the Technical Program 
Committee. Authors will be notified 
whether or not their papers have been 
accepted by June 1. 

For the first time this year, an 
IRE WESCON Convention Record 
will be published. It will include every 
paper presented at the 1957 WESCON 
and will be published immediately 
following the convention, for national 
distribution. 


The IRE ‘‘Affiliate’? Plan—A New 
Venture in Engineering Society 
Structure and Service 


On January 4, 1957, the IRE Board of 
Directors arrived at a decision which may 
in time prove to be one of the most far-reach- 
ing in its 45-year history. On that date the 
Board adopted a plan which will enable 
non-IRE members whose main professional 
interests lie outside the sphere of IRE activi- 
ties to become affiliated with certain of the 
IRE Professional Groups without first hav- 
ing to join the IRE itself. 

This plan is aimed at those specialists 
in other fields of science and technology 
whose work touches upon our own elec- 
tronics and communications field only in 
specialized areas. In effect, the IRE is ex- 
tending the specialized services of its Pro- 


fessional Groups to every field of science 
and engineering. 

An outstanding example of where these 
services are needed may be found in the case 
of the medical and biological sciences. At 
the present time some 1400 IRE members 
enjoy the privileges of membership in the 
Professional Group on Medical Electronics. 
And yet there are hundreds, perhaps thou- 
sands, of medical doctors, biologists, and 
others to whom the activities of this Group 
would be of interest and value. Both they 
and the Group would benefit from their 
participation. To require these persons, who 
have no interest in radio engineering, to join 
the IRE in order to join the Group is un- 
reasonable, and probably futile as well. In 
fact, it was largely to provide an answer to 
this particular problem that the “Affiliate” 
Plan was first conceived, although it pertains 
to other fields as well, such as Computers, 
etc. 

The “Affiliate” Plan is admittedly an 
experiment. So far as is known, no other 
society has ever tried a similar scheme. The 
Board of Directors feels strongly that the 
benefits afforded by the plan justify the 
risk that some persons who should join the 
IRE will instead become Affiliates. To mini- 
mize this risk, the plan has been carefully 
worked out along the following lines: 

1) Participation in the Plan is at the 
option of each Professional Group. It is not 
expected that all Groups will adopt it; only 
those which feel, it serves a need in their 
particular field. 

2) Each Group interested in initiating 
the “Affiliate” Plan must submit to the 
Chairman of the Professional Groups Com- 
mittee a list of accredited organizations 
which has been selected and approved by 
its Administrative Committee, for official 
approval by the IRE Executive Commit- 
tee. 

3) To be an Affiliate of a Professional 
Group, a person must belong to an ac- 
credited organization approved by that 
Group and the IRE Executive Committee. 
Moreover, he shall not have been an IRE 
member during the five years prior to his 
application. He may affiliate with more than 
one Group, provided the accredited organ- 


ization to which he belongs is recognized 
by the Groups concerned. 

4) The fee for Affiliates shall be the 
assessment fee of the Group, plus $4.50. 
The latter covers IRE subsidies to the 
Group, Professional Group overhead ex- 
penses borne by IRE Headquarters, and 
50 cents which is to be rebated to IRE Sec- 
tions for mailing and meeting costs. 

5) An Affiliate will be entitled to receive 
the TRANSACTIONS of his Group and that 
part of the IRE NartionaL CONVENTION 
RECORD pertaining to his Group. He will be 
eligible for a Group award, and may at- 
tend local or national meetings of the Group 
by payment of charges assessed Group 
members. 

6) An Affiliate cannot serve in an elec- 
tive office in the Group or Group Chapter, 
nor vote for candidates for these offices. 

7) An Affiliate may hold an appointive 
office in the Group or Group Chapter. 

8) An Affiliate may not receive any IRE 
benefits that are derived through IRE 
membership. 

The “Affiliate” Plan is a bold and far- 
sighted venture; one that recognizes and 
provides for the rapidly spreading influence 
of electronics in every walk of scientific and 
technological life, and one that enables the 
IRE to further its aims as a professional 
engineering society—the advancement of 
radio engineering and related fields of engi- 
neering and science. 

W.R. G. BAKER, Chairman 
IRE Professional Groups Committee 


Matching the Sides of a Parallel- 
Plate Region* 


One of the simplest forms of electro- 
magnetic wave isa TEM wave propagating 
between parallel conducting planes which 
extend laterally to infinity. It is perhaps not 


* Received by the PGMTT, December 27, 1956. 
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widely known that a TEM mode may be 
sustained in a parallel plane region of finite 
width by closing the sides and including 
dielectric slabs as in Fig. 1. The field in 


CONDUCTING --t —- 
WALL - TT he 


the dielectric-free region is strictly identical 
with a TEM mode at a single frequency (fo) 
only; the curves of Fig. 2 have been pre- 
pared to show the bandwidth which may 
be achieved by permitting a given depar- 
ture from a pure TEM mode. 


Ol 


Fig, 2. 


In region 1 of Fig. 1, the dependence of 
E, on y may be expressed as 


FE, x cos By. (1) 


The solution to Maxwell’s equations for the 
case of Fig. 1 and assuming no variation with 
x is well known. 

It is found that as the frequency is in- 
creased, 8, which is real, decreases to zero 
and then becomes imaginary. The field 
which is identical toa TEM mode in region 
1 is the degenerate case where @=0. In 
this case it may be shown that 


t €2 
—A/ ——1=0.25 2D) 
eles (2) 


where the following nomenclature is used: 


\r—Wavelength of a plane wave in an 
unbounded region of relative per- 
Mittivity «, 7.e., free space wave- 
length if region 1 is air-filled 

e:—Relative permittivity in region 1 

ex—Relative permittivity in region 2 

t, d—Dimensions, in same units as \y 

E,—Electric field in x direction. 


For a given wavelength and given value 
of e in region 1, (2) shows that there is a 
single infinity of pairs of ¢t and e, which are 
satisfactory, while d may have any value. 
If in a practical case, region 1 is the useful 
region, it would be desirable to minimize 
the width “z” of region 2. Eq. (1) shows that 
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in this case the permittivity of the dielectric 
in region 2 should be as high as possible. 

The above remarks apply only at a 
single frequency. To consider operation 
throughout a range of frequencies, the band- 
width may be defined in terms of allowable 
nonuniformity of £, throughout region 1. 
This has been done in Fig. 2, which shows 
the amount of dielectric which must be used 
to obtain a given bandwidth. Curves are 
drawn for various allowable percentages of 
variation in E, across region 1. At the low 
frequency end of the band the departure 
of E, from uniformity across region 1 takes 
the form of a maximum at y=0, while at 
the high frequency end of the band £, has 
a minimum at y=0. 

For a given bandwidth (Af) and per- 
missible variation of E, across region 1, 
Fig. 2 will give the parameter (d/t). By a 
slight rearrangement of (2): 


d d 
bel ye Raye (3) 
M7 € t 


Using this relation, and assuming ), to 


be known, 
/ & 
d4/—-—1 
4 


is established. It is interesting to note that 
regardless of how large d is, the bandwidth 
requirement may be met in practice merely 
by reducing e/a toward unity. In some 
cases this may imply the use of drilled or 
expanded dielectrics. There is no lower 
limit to d either, since if e, becomes in- 
conveniently large, it is merely necessary to 
choose a better condition, 7.e., smaller per 
cent variation in E,, from Fig. 2. 

The following explanation may help to 
provide a physical picture. The TEo: mode 
of a rectangular waveguide of width a has 
a wavelength longer than the free space 
wavelength of a plane wave. If the wave- 
guide is now filled with dielectric, the wave- 
length will be reduced. Hence there must be 
some dielectric constant for each value of a 
which restores the wavelength to its free 
space value. This is identically the relation 
given by (2) if we consider: 1) “free space” 
has been generalized to any dielectric me- 
dium of permittivity a; 2) @=2t; and 3) d=0. 

If now we reintroduce region 1 by 
splitting the waveguide and tapering it 
outward as in Fig. 3, it is at least plausible 


Fig. 3. 


that the field in region 1 will resemble a 
TEM mode. 

In practice, the configuration of Fig. 3 
provides a possible method of setting up 
such a mode. 
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For completeness, it may be mentioned 
that the values of ¢t and e€ could be different 
in each part of region 2. 

ARTHUR C. Hupson, 
National Research Council 
Ottawa, Ontario, Canada 


A Method of Analysis of Symmetri- 
cal Four-Port Networks* 


The following errors appeared in the 
above article.! On page 248 the C term in 
the matrix for Fig. 11 should be j(—a%c? 
+2ac+a?—1). Also, on page 249 the term 
for T7,— for the rat race ring should be 
ie = SWIX 

JOHN REED 
Raytheon Mfg. Co. | 
Wayland, Mass. 
* Received by the PGMTT, November 25, 1956. 


1 J. Reed and G. J. Wheeler, IRE TRAns., vol. 
MTT-4, pp. 246-252; October, 1956. 


Miniature Waveguide Flanges Un- 
pressurized Contact Type* 


I would like to call attention to the 
fact that RETMA Standard RS-166 with 
the above title and dated October, 1956, 
has been released. Copies of the Standard 
can be obtained through the Engineering 
Department of the RETMA, 11 West 42nd 
Street, New York 36, N. Y. 

Tore N. ANDERSON 
AIRTRON, Inc. 
Linden, N. J. 


* Received by the PGMTT, November 29, 1956. 


Criteria for the Design of Loop- 
Type Directional Couplers for the 
L Band* 


We have noted several errors in the 
above article! and the corrections are as 
follows: 

Eq. 5(b) should read: 


Zo (kt — ko 
Bkees Vy Zi ( 4 ) 
-[1 — cos Bolko + kx)le ot], 
Eq. (7) should read: 
ki — ko | sin Bol 
kn +kol Bol 


RICHARD F, SCHWARTZ 
Univ. of Pennsylvania 
Philadelphia, Pa. 


ID =U logio 


* Received by the PGMTT, November 1, 1956. 
1 P. P. Lombardi, R. F. Schwartz, and P. J. Kelly, 
IRE TRANns., vol. MTT-4, pp. 234-239; October, 1956. 
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Planar Transmission Lines—Part 
T1* 


The following are a few comments on the 
above.! This paper purports to derive criteria 
for the optimum line from the standpoint of 
stability and attenuation. The conclusions 
arrived at, however, are erroneous. 

The stability criterion derived, 0.03 
<w/h<0.75, where w is the strip width 
and h is half the ground plane spacing, would 
limit the characteristic impedance to values 
greater than 120 ohms which would be most 
unfortunate if true. The basis for this choice 
is the rapid variation of f(k?) in the neigh- 
borhood of k=0 or 1. In the neighborhood 
of k=0, however, 


f(k2) © 4 (in2 + =) 
4h 
so that it does not vary rapidly with the 
line dimensions and the upper limit on 
w/h is not necesasary. 

An examination of stability might bet- 
ter be made by directly investigating the 
dependence of characteristic impedance on 
the dimensions. In the case of low imped- 
ance lines, w>>h and 


157? 1 607 hk 
Zo — = ~ = . 
k le 
Se eRe SNA 
4h 
Thus 
dZo - adh dw 
Zo = h Ww 


which indicates that low impedance lines 
are not unstable. For high impedance lines, 


w<h and 


60 16h 
Zo = pas ae 
Vk Tw 
In this case, 
dZy if 60 (+ =) 
Ze aN. 


which indicates that very high impedance 
lines are even more stable. This latter con- 
dition is generally true for any transmission 


line operating in the TEM mode as is ob- 
vious from the logarithmic dependence of 
the characteristic impedance on the line 
dimensions. 

The statement that the attenuation de- 
creases as w is decreased is contrary to fact, 
both experimental? and theoretical. This 
error arose by neglecting the dependence of 
k? on the ratio w/h in (11) and (12). The 
dependence of the attenuation on w for a 
single strip line may be found from (33) 
of Park’s original paper.* 


* Received by the PGMTT, June 29, 1956. 

1D. Park, “Planar transmission lines—III,” IRE 
TRANS., vol. MTT-4, p. 130; April, 1956. 

2 E. G. Fubini, W. E. Fromm and H. Keen, “New 
techniques for high-Q strip microwave components,” 
1954, IRE CONVENTION RECORD, Part 8, p. 91. 

3S. Cohn, “Problems in strip transmission lines,” 
IRE Trans., vol. MTT-3, pv. 119; March, 1955. 

4D. Park, “Placar transmission lines,” IRE 
TRANS., vol. MTT-3, p 10; April, 1955. 


AGA [1 + (d/2h)?] [1 + (d/4h)2] [1 + (d/6n)?] - - 
[1 + (d/h)?] [1 + @/3h)?] [1 + (€/5h)2] +++ 


Correspondence 
This is! 
nV 4h 4h ~) Tw 
~ ] 2 In 2 
© 1208h mw (in Soy) dy 


Ref Aje. TAs 

papa een 2). 
120rh \rw awh 

Then 


da nVR I 4h 
aw 3072w? wt 


showing that a decreases as w increases. 

This is also true for the case of a balanced 
strip line. 

KARLE S. PACKARD, JR. 

Airborne Instruments Lab. Inc. 

Mineola, N. Y. 


Author’s Comment, Part IV® 


In this note the characteristic impedance 
will be estimated fora transmission line com- 
posed of two wires of radius a and separation 
2d, embedded in a dielectric between two 
broad conducting strips which are a dis- 
tance 2h apart and which extend for some 
distance beyond the wires on each side. 
For the notation and ideas, as well as a 
discussion of what is meant by “some dis- 
tance,” we refer to a previous paper.* The 
calculation is done by the method of images, 
and the approximation will be made that 
the radius of the wire is very small compared 
to the other dimensions of the system. If 
this is true, the charge distribution on each 
wire and its images will be nearly symmetri- 
cal about the center, and the work necessary 
to bring a unit charge from infinity to the 
surface of one of the wiresis (\/27) In (2d/a) 
when only the fields of the two wires are 
taken into account. Considering next the 
fields due to the mth image of the pair of 
wires, located at a distance 2nh above them, 
we see easily that the corresponding work 
is (—)"3(\/2re) In [1+(d/nh)?]. Sum- 
ming over all these pairs of images and 
including the original wires we get 


= 


The infinite products converge and can be 
evaluated by means of the well-known prod- 
ucts for sines and cosines to give 


7 r 1 |= sinh (ad/2h) =| 
=, n Q . 
md cosh (rd/2h) a 


The potential of a point on the other wire 
is the negative of this, and so the total po- 
tential difference is twice V. The character- 
istic impedance in the TEM mode is given 
by Z=~/(ue)/C where C, the line’s capacity 
per unit length, isX/V. Thus Z =2+/ (ue) V/X, 
and 


Q7re 


tanh 
Ta 2h 


120 4h wd 
i In 1 ; 


K 
This is the same as the equation before 
(22a), if w there is replaced by 4a. Thus it 


5 Received by the PGMTT, October 10, 1956. 
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results that a flat central strip ina line of this 
kind is equivalent to (but more lossy than) a 
wire whose diameter is half the width of the 
strip. 

Finally, a previous note in this journal! 
which purported to derive several restric- 
tions on the dimensions of practical trans- 
mission lines must be amended. In fact the 
conditions imposed there were far too strin- 
gent, due to neglect of the fact that though 
the operating characteristics depend some- 
what steeply on the parameter k? when k? 
is near the ends of its range, this does not 
mean that it depends very critically on the 
dimensions of the line, as can in fact easily 
be seen from the relevant formulas.t The 
restrictions are thus unnecessary. I would 
like to thank K. S. Packard for calling my 
attention to this mistake. Further, the 
numerical coefficients in (11) and (12)! 
should be corrected to read 7.4X107*/b 
and 3.7X10~4/b respectively. 

DAvID PARK 
Williams College 
Williamstown, Mass. 


A Low VSWR Matching 
Technique* 


I would like to call your attention to a 
certain error in the above correspondence.! 
The admittance function plotted by the 
author on the Smith chart winds counter- 
clockwise. This is contrary to the laws of 
nature for passive linear networks. These 
laws prescribed that the plot of the admit- 
tance function wind clockwise from the low 
to the high frequency. 

Rotation of the admittance function to 
the generator would result in a loop instead 
of a point when the high-frequency end 
catches up with the low-frequency end. 
Furthermore, continued rotation causes fp, 
to pass fi which is contrary to the author’s 
figures. 

LENROD GOLDSTONE 

The W. L. Maxson Corp. 

New York, N. Y. 

* Received by the PGMTT, September 24, 1956. 


1P, A. Rizzi, IRE Trans., vol. MTT-4, pp. 185- 
186; July, 1956. 


Author’s Comment? 


In view of Mr. Goldstone’s comment, 
the curvature of curves B and B’ in Figs. 1 
and 2 should be changed from concave with 
respect to the center of the chart to convex. 
Rotation of the resultant curve to the g=1 
circle will, as Mr. Goldstone points out, 
yield an admittance plot which contains a 
small loop. 

Nevertheless, the general 
procedure as outlined is still valid. 

PETER A. RIz7zI 
Raytheon Mfg. Co. 
Bedford, Mass. 


matching 


2 Received by the PGMTT, November, 1956, 
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A Broad-Band Microwave 
Circulator* 


Edward A. Ohm! has recently shown 
some applications of microwave circulators, 
first suggested by A. G. Fox, S. E. Miller, 
and W. W. Mumford of the Bell Telephone 
Laboratories. One in particular, a circulator 
microwave modulator, I believe, needs 
some further discussion. This device is 
shown in Fig. 1. As shown, the energy from 
the oscillator travels to the port containing 
the modulator, where it is modulated, re- 
flected from the short circuit, passed back 
through the modulator and to the output 
arm of the circulator. Let us consider what 
occurs if the modulator is a typical ferrite 
type modulator, like those commercially 
available. This modulator is shown in Fig. 2. 


MoOULATED 
OUTPUT 


MODULATOR 


Fig. 1—A circulator microwave modulator. 


RESISTANCE CARD TERMINATION 
ON PORTS 2ANO + 


Fig. 2—Ferrite modulator. 


When no field is applied to the modula- 
tor, the wave Eincident from the input port 
1 splits between ports 3 and 4. With an 
applied ac field, the polarization is rotated 
first to port 3, the output, and then to port 4, 
which is terminated. The output wave at 
port 3 is 


psi (= + m sin ont ) (1) 


where m is the index of modulation and wm» 
is the angular modulation frequency. 

If, in general, port 3 has a load reflection 
coefficient I’, then due to the nonreciprocal 
rotation of the ferrite, the wave reflected 
back out of port 1 is 


FE, = TE3 cos (+ + m sin ont) (2) 
which reduces to 


eh T : 
1 = i sin (= + 2m sin ot). (3) 


A sketch of the waveforms for (1) and (3) 
is shown in Fig. 3. 


* Received by the PGMTT, November 13, 1956. 
1E, A. Ohm, IRE TrRaAns., vol. MTT-4, pp. 210- 
217; October, 1956. 


IRE TRANSACTIONS ON MICROWAVE THEORY 


(a) After passing 


Fig. 3—Modulation envelope. 
through modulator once. (b) After being reflected 
from short and passing through modulator twice. 


The harmonic content of (1) has been 
presented by Rizzi and Rich.? In a similar 
manner, the harmonic content of (3) can 
be analyzed; however, it is apparent that 
&, has a strong second harmonic component. 
Thus, the output of the circulator microwave 
medulator will not have good fidelity with 
respect to the driving voltage on the field coil. 
If the modulator were reciprocal instead of 
nonreciprocal, /; instead of equaling a cos 
sin term, would equal a sin? term, which 
also has a strong second harmonic com- 
ponent. 

From this discussion I believe it is also 
apparent that the use of a ferrite modulator 
in a microwave impedance test bench may 
have deleterious results, since the reflected 
power from the load to be measured will pull 
the test oscillator at approximately twice 
the modulation frequency. This will cause 
minimum filling in the standing-wave pat- 
tern and also results in a generator imped- 
ance #2» as a function of time. 

A load isolator or attenuator should al- 
ways be used with a ferrite modulator to re- 
duce the amplitude of the wave reflected 
from the load. 

ALVIN CLAVIN 
Rantec Corp. 
Calasasas, Calif. 


Author's Comment® 


A modulator must be suited to its appli- 
cation and it appears that Mr. Clavin has 
selected a type which does not perform the 
task he requires. In this regard it can be 
shown that the fundamental modulation 
frequency envelope will not appear at the 
output of his modulator. Clavin’s (3) 


2P, A, Rizzi and D. J. Rich, “A note on sidebands 
produced by ferrite modulators,” Proc. IRE, vol. 44, 
p. 556; April, 1956. 

3 Received by the PGMTT, February, 1957. 
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is 
sin (= -+- 2m sin wnt ) 


can be rewritten 


Ey, = zt cos (2m sin wt). 


From (1) of Rizzi and Rich? it can be seen 
that this is identical to 


4 


I 
E, = zr [Jo(2m) + 2Fo(2m) cos 2wmt 
+ 2F4(2m) cos 4emt +++ | 


and this makes it clear that E; does not vary 
at the rate of the fundamental modulation 
frequency. 

This particular example may leave an 
impression that the modulation schematic 
shown in Fig. 6 of my paper! is not valid. 
However, since other, more successful, modu- 
lators can be designed which are in harmony 
with Fig. 6 it appears that some further dis- 
cussion would be appropriate at this time. 

One example of a more workable Fara- 
day rotation assembly is depicted in Fig. 4. 
From this figure it can be shown that 


Eretlectea = Ein COS (w/4 a 20) 
which is identical to 
Eretiected = 0.707 in(cos 26 — sin 26). 


WZ 


REFLECTING 
PLATE 


RESISTANCE 
CARD 


Fig. 4—A simple reflecting microwave modulator. 


Now if 6 varies sinusoidially at the modula- 
tion rate of w, with a maximum angle of 
rotation, OQmax, it can be written 


O = Omax SIN Wyl. 


After inserting this value of @, (1) of Rizzi 
and Rich? can again be used to show that 
Eveflectea Varies at the fundamental modula- 
tion rate as well as at all of the even and odd 
harmonics of this rate. 


iretlected 

= 0.707 Bin|Jo(26max) — 2F1(26max) Sin mt 
+ 2F2(2Omax) COS 2wmt — 2I3(2Omax) Sin 3wmnt 
+ 2F4(26msx) COS 4wmt—- ++ |, 


An analysis of this equation reveals that 
the largest harmonic coefficients, the second 
and third, are down 19 db and 42 db re- 
spectively from the fundamental when the 
maximum value of 20max is less than or 
equal to 25°. This is the value required to 
reduce the fundamental coefficient, 
V2S1(26max)Ein, to 0.3 Ein, a value which 
corresponds to a 60 per cent modulation of a 
linear system. 

If additional second harmonic discrimina- 
tion is desired (without decreasing the 
fundamental component) the Faraday rota- 
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tion assembly shown in Fig. 5 can be used. 
Although this assembly generates slightly 
larger odd harmonics it is generally superior 
to that of Fig. 1 because it does not generate 
even harmonics. It can be shown that 


Ereflected = Ein sin? } 
where 
} = (1/4 + Omax SiN wmf) 
and that this is identical to 


Ein . : 
Exeflected = 5 [1 + sin (enax sin @®mt) ]. 


REFLECTING 


RESISTANCE 
CARD ~ 


RESISTANCE 
CARD 


Fig. 5—A reflecting microwave modulator which does 
not generate even harmonics. 


Again using (1) of Rizzi and Rich? it can be 
shown that the reflected voltage varies only 
at the fundamental and odd harmonic modu- 
lation rates. 


Erettectea = Ein[1/2 + Ji(20max) Sin ond 
| “ts S3(20max) sin Samet + 5 On6 iB 


_ Thus, it appears that Mr. Clavin is in error 
when he claims that a strong second harmon- 
ic will result from a reflected voltage which 
varies as the sin? ¢. 

An analysis of this last equation yields 
data identical to that of Fig. 2 of Rizzi and 
Rich.? This figure shows how the largest 
harmonic coefficients, the third and fifth, 
vary with respect to the fundamental coeffi- 
cient for different maximum values of 26max. 

In particular this figure shows that the 

third and fifth harmonics are down more 
than 36 db and 55 db respectively from 
the fundamental when the maximum value 

Of 24max is less than or equal to 36°, the 

value required to again reduce the funda- 
mental coefficient, Ji(20max)Ein to the same 

value of 0.3 Ein which corresponds to a 

60 per cent modulation of a linear system. 

Epwarp A. OHM 
Bell Telephone Labs. 
Holmdel, N. J. 


On Symmetrical Matching* 


Mr. Mathis’ note! is correct in that a 
match is achieved with the three shunt 
susceptances, but he is wrong in his asser- 
tion that no other positioning is possible 
for match. His method of matching is out- 
lined in Fig. 1. 


* Received by the PGMTT, November 13, 1956. 
1H, F. Mathis, IRE Trans., vol. MTT-4, p. 132; 
April, 1956. 


Correspondence 


)28 128 


Fig. 1. 


The distance s is computed so that two 
shunt susceptances, each of magnitude 2B 
will cancel each other,? thus tan 27s/dg 
=1/B. Then susceptances of magnitude B 
are spaced this distance away on either side 
and match is obtained. However, match is 
also obtained when tan 27s/\g=2/B and 
thus the response is not symmetrical about 
the original frequency. The match can be 
checked by computing the admittance at the 
center of the network with a matched termi- 
nation and, if it is purely real, the network 
is matched. 

The response can be made to be sym- 
metrical (critically coupled) provided that 
the standing-wave ratios introduced by the 
three susceptances go in the ratios of 1, 7?, r 
or the susceptances go as B, B./B?+4, B. 
The spacing p between the three suscep- 
tances can be found on a Smith chart. See 
Fig. 2. 


ie 


ae 
ey 


aca 


lsc fol 


Fig. 2. 


A matched termination at the right of 
the line makes the normalized admittance 
at point a 1+ 7B. In Fig. 2, inductive sus- 
ceptances which will have negative values 
are assumed. This admittance is transformed 
along the line toward the generator until 
the circle is tangent to the Smith chart circle 
for 


BS 
igi BP hk 


The admittance at the center of the net- 
work then will be purely real and chart of 
the network will be the mirror image about 
the real axis. Therefore,the input admittance 
is matched. For small variations in length 
of line corresponding to small changes in 
frequency the input admittance is still 
matched since the circles are tangent. This 
circuit is thus a critically-coupled double 
tuned arrangement. The value of the line 
length p is given by the formula. 


arp B?+2+/B2+4 
abicomeane bike 
JouHN REED 


Raytheon Mfg. Co. 
Wayland, Mass. 


ta 


2J. Reed, “Low-Q microwave filters,” Proc. IRE, 
vol. 38, p. 794; July, 1950. 
3 Ibid, See (6). 
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Author's Comment 


Mr. Reed is correct in his remarks. My 
note was based on the theorem that f one- 
sided matching for a lossless symmetrical 
discontinuity is achieved with a lossless sym- 
metrical matching network, the matching net- 
work can be split and the part farther from 
the discontinuity moved to the opposite side 
of the discontinuity to obtain two-sided match- 
ing. This theorem is correct, but all of the 
conclusions in my note were not correct. 

In general, either the value of the shunt 
susceptances or their positions for sym- 
metrical matching may be arbitrarily 
selected. When the value of the shunt sus- 
ceptances is selected, there may be two 
pairs of positions which can be used. When 
the positions are selected, there may be 
two values of the shunt susceptances which 
can be used. 

Procedures for finding the positions or 
the value of the shunt susceptances, when 
the other is given, are presented next. In 
the discussion which follows, it is assumed 
that the voltages, currents, and impedances 
are measured in units so that the character- 
istic impedance of the transmission line is 
one. 

When the value B of the shunt suscep- 
tances is selected, the discontinuity is termi- 
nated in a matched load, and the input ad- 
mittance Yj; is determined and plotted on 
a Smith chart, as shown in Fig. 3. The ad- 
mittance Y2 given by the formula 
¥. 16 + 12B? + 3B4 — 7(16B + 8B?) 


2 


(1) 


16 -- 12B?\-- B* 


Fig. 3—Diagram for determining the positions of 
shunt susceptances. 


is plotted on the Smith chart. A circle is 
drawn with its center at Y2 which passes 
through the center C of the chart. (This 
circle must also pass through the point 
Y=1-j72B.) A circle is drawn with its 
center at C which passes through the point 
Yi. The points of intersection of these circles 
determine the possible pairs of positions 
of the shunt susceptances. (For the second 
example given by Reed, the circles are 
tangent.) If the circles do not intersect, it 
is not possible to use this value of B. The 
distances d; and d: of these pairs of positions 


4 Received by the PGMTT, November 23, 1956. 
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from the discontinuity are determined on 
the Smith chart as indicated in Fig. 3. 

When the positions of the shunt sus- 
ceptances are selected, the input admittance 
g+jb at one of the positions is determined 
with the opposite side of the discontinuity 
terminated in a matched load. The possible 
values B of the shunt susceptances are 
given by the formula 


If B is not real, it is not possible to use 
these positions. 


PROOF oF THEOREM 


According to well-known circuit theory, 
any lossless four-terminal network can be 
represented by the matrix 


ae re) 
JA Ao, : 
where the input voltage E, and the input 


current J, are related to the output voltage 
E, and the output current J2 by the equations 


EE = Ay,1E + 7A ol» 


2425 


T, = fA E: + Ao eh. 


The symbols Aj,1, A12, A21, and Ae. de- 
note real quantities. If the network is sym- 
metrical, Aj,1=Ae2.. If the network is re- 
versed, the corresponding matrix is 


ee ee) 
jAz1 Ais 7” 
If the input impedance is one when the load 
impedance is one, then A,1=A22 and 
A;,2=A2,. A section of lossless transmission 


line, with a characteristic impedance of 
one, is represented by the matrix 


( cosBd jsin SF 
jsinBd cosBd /— 


Let the symmetrical lossless discontinu- 
ity be represented by the matrix 


Coan) 
iP M/- 
The symmetrical one-sided lossless match- 


ing network is split into two networks which 
are represented by the matrices 


(@ ) 

jp 4 

Gee 
jt us? 


The matrix for the three networks con- 
nected in cascade is 


Ge ae) 
As: Ass 


-(* =) ee ) 
jp af \jt uJ \GP MI 


Since the matching network is symmetrical, 


and 


mr — nt = qu — ps. 


Also, since the input impedance is one when 
the load impedance is one, 


IRE TRANSACTIONS 


Ai, = Aa,2 


= (mr — nt)M — (ms + nu)P 
(qw — ps)M — (pr + qt)N 


and 
Aj,2 = Aon 
= (ms + nu)M + (mr — nt) N 
= (pr + qt)M + (qu — ps)P. 


If the part of the matching network 
farther from the discontinuity is moved to 
the opposite side of the discontinuity, the 
matrix for the resulting network is 


( a) Ge ZA) (a ) 
y jt uJ\GP M/ \jp a7 
The values of Bi, Bi, Bei, and Bs, are 
given by the equations 


By = (mr — ps)M — riN — puP, 

Bye = (nr + qs)M + qrN — nsP, 

Bo = (mt + pu)M — ptN + muP, 
(qu — nt)M — gtN — nuP. 


By,» 

By simple algebraic manipulations, it can 
be shown that the above equations require 
that B,;=Bo,.and B,,2= B21. Consequently, 
if the load impedance is one, the input 
impedance is one. This completes the proof 
of the theorem. 

Next, symmetrical matching is con- 
sidered. In this case, the matrix for the com- 
bined network is 


Ci jie 
(ae on) 
m jn\ (M JjN\ faq jn 
ii G q ee a ( ,) 
Since Ch2= Co, 


2mnM + m?2N — n?C = 2pqM — p2N + @?P. 


If the right-hand network is moved to the 
left with a section of lossless transmission 
line between the two matching networks, 
the corresponding matrix is 


(ee as) v7 @ 2) 
jD2,1 D2,» J m 

Ga ae Ne) @ NG: +) 

jsinBd cos Bd TP a Yee AE 

If Bd is chosen so that D;,;=Do,2, then it can 
be shown by simple algebraic manipulations 
that Di,.=D2,. Consequently, if symmet- 
rical two-sided matching can be achieved, 
there exists a corresponding one-sided sym- 
metrical matching network. So the pro- 
cedures given above yield all possible sym- 


metrical matching networks of the type 
considered. 


DERIVATION OF PROCEDURES 


According to the above theorem, if 
Y4=1 for the circuit shown in Fig. 4, 
then Yg=1 for the circuit shown in Fig. 5. 
It may be observed that the dimension d; 
does not appear in Fig. 5. 

For the circuit shown in Fig. 4, let 
Y, denote the admittance at the input of 
the loss ess discontinuity, Y, denote the 
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Fig. 4—One-sided matching. 
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admittance immediately to the right of 
the right shunt susceptance, Y; denote the 
admittance immediately to the left of the 
right shunt susceptance, and Y, denote the 
admittance immediately to the right of the 
left shunt susceptance. Let Ya=g+jb. Now 
Y,=g+7(6+B). In order for the left shunt 
susceptance to complete the match, Y,=1 
—jB. Three sets of these admittances are 
shown plotted on Smith charts in Figs. 6 and 
7. (For these illustrations, the discontinuity 
consists of a shunt susceptance whose value 
is 1.6.) 

The point Y, must lie on the circle C; 
through Y, whose center is at C. Let C2 de- 
note the circle which is obtained by sub- 
tracting jB from the admittances on the 
circle Cy. Since Y=1+ 7B lies on G1, Y=1 
must lie on C,, z.e., the circle C; must pass 
through C. The point Ya must lie on Cy. The 
point Y, must also lie on the circle C3 
through Y; whose center is at C. The dis- 
tances d, and d; are indicated by the angles 
ZY,CY, and ZY,CY., respectively. 

For a given value of B, the circle C, is 
fixed. In general, the circle C; intersects the 
circle Cz at two points. This is illustrated 
in Figs. 3 and 6. The value of B is the same 
for Figs. 6(a) and (b), but d; and d; are 
different. (For Fig. 6, Yi=1+ 71.6 and 
Jil) 

The circle C, can be drawn by finding at 
least three points on it by subtracting j7B 
from the admittances for points on the circle 
Ci, and then drawing a circle through these 
points. However, it is more convenient to 
compute the center of the circle. In the 
T-plane, the center of the circle is at T=0 
and the radius of this circle is 


eae 58 
kB? 


The bilinear transformation® 


Y plane. The center of C; is at 


Dae Je 
Y= 3g 
2 


and the radius of C; is 


Bv/4+ B? 
2 
The circle C; in the Y plane is found by 


subtracting 7B from the admittances on Cy. 
The center of C; is at 


5H. F. Mathis, “Bilinear transformations,” IRE 
TRANS., vol. CT-3, p. 156; June, 1956. 


1957 


(b) 
Fig. 6—Diagrams illustrating matching with fixed B. 
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Fig. 7—Diagram illustrating matching with 
fixed dy. 
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and the radius of C; is the same as the radius 


of C,. The transformation 
im Y-1 
JT ora 


maps the circle C; into the circle (2 in the 
T plane. The center of the circle C2 is at 


Correspondence 


B27 aB 
4 + 2B? 


The corresponding admittance of the center 
of Co is 


E 1Os 1282S 53B* — 7168 4 8B*) 
16 + 12B2 + Bé4 
Let I’, and I’, denote the current reflec- 
tion coefficients corresponding to Y, and 


Y., respectively. The values of I, and [’, are 
given by the equations 


(1) 


ed Ode Baal 

~ gti +B) 41° 
jE TS 

Sie 


Since Y; and Y, lie on the circle Ci, 
Cel) eG eee 


[To? = 1 T. |? = 
(¢ +i? +64 By 


B 
— PLB i BR . 


This equation can be solved for B to obtain 
(2). If g=1, it is obvious that 2B=—b. 
Thus for a given d; and the corresponding 
Y,=g+ 7b, there are generally two possible 
values of B. This is illustrated in Figs. 6(a) 
and 7 where the value of Ya is the same but 
the values of B are different. [For Fig. 6(a), 
Y, =1.9—j2and B =1. For Fig. 7,B = —5.4.] 
HAROLD F, MArTuis 

Goodyear Aircraft Corp. 

Akron, Ohio 


Letter from Mr. Reed® 


Mr. Mathis’ theorem is correct but the 
procedure resulting from this theorem does 
not give a good result from an engineering 
standpoint. The result of what he calls two- 
sided matching will give a match not only 
at the design center frequency, but also at 
some other frequency. Thus, the perform- 
ance curve will not be symmetrical about 
the design center. The procedure suggested 
in my last note would give a symmetrical 
curve with maximally-flat response in which 
the two frequencies of match are the same. 

Suppose it is'desired to cancel out an 
inductive iris which has a normalized sus- 
ceptance of —2. The reflection from this can 
be cancelled out by the use of another iris 
whose susceptance is also —2 spaced down 
the line toward the generator by three- 
eighths of a wavelength. 

Thus, according to his theorem, we can 
split the matching into two susceptances of 
—1 on either side of the susceptance of —2 
spaced 0.375 Ag (tan 2ms/Ag=—1) of a 
wavelength from it. But match would also 
occur if the spacing were 0.3245 Ag(tan 
2ms/\g= —2). 

For critical couplingB ~/B?+4 is set 
equal to —2 and the resulting equation 
solved for B giving B to —0.91018. This 
value of B is inserted into the formula for 
p, thus resulting in this case of a value of p 
equal to 0.3465dg. See Fig. 8. 


8 Received by the PGMTT, December 19, 1956, 
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Fig. 8. 


F® Approximate performance curves for 
one-sided matching, two-sided matching 
using the Mathis theory, and critically 
coupled pertormance as described above are 
shown below. Some improvements in the 
critically coupled performance can be ob- 
tained by letting the midband be mis- 
matched but be matched on either side ot the 
design frequency. See Fig. 9 below. 


VSWR 


FREQUENCY 


Fig. 9. 


JOHN REED 


Author’s Comment? 


I agree with the remarks in Mr. Reed’s 
recent note. In my original brief notes, I did 
not consider the effects of varying the fre- 
quency. His two notes are most interesting 
and valuable. I do not think that I can add 
anything of value. 

H. F. Martuis 


7 Received by the PGMTT, January 27, 1957. 


The Available Power of a Matched 
Generator from the Measured Load 
Power in the Presence of Small 
Dissipation and Mismatch of the 
Connecting Network* 


It is sometimes necessary to determine 
the available power of a matched generator 
in terms of the power dissipated in a load 
when the load is connected to the generator 
by means of a slightly mismatched 4-pole 
having small loss. (A piece of waveguide or 
short length of coaxial line could exemplify 
such a 4-pole; the discontinuities at flanges 
or at connectors and supporting beads could 
give rise to the slight mismatch.) 


* Received by the PGMTT, October 1, 1956. The 
research reported in this document has been made pos- 
sible through support and sponsorship extended by the 
Rome Air Dey. Ctr., Contract AF-30(602)-988. It is 
published for technical information only and does not 
represent recommendations or conclusions of the spon- 
soring agency. 
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Referring to Fig. 1, 


1 Tg = 0 


Fig. 1. 


let 


T'z=the reflection coefficient of the load 

Tin=the reflection coefficient of the 4- 
pole and load 

Su, Se, Siz=the scattering coefficients of 
the 4-pole 

P =the available power of the generator 

Py=the power dissipated in the load 


Pr = KP». (1) 


The constant K may be expressed in 
terms of all or some of the scattering coeff- 
cients and only one of the reflection coeff- 
cients—either Tz or Tin. Thus, 


_|sultt— [rel 
Ss VaSsirne 
ne | Siz?-+-Sx(Pin—Su) |?— | Pin — Sua |? 
| Sw? 


(2) 


(3) 


The question arises, which expression 
should be used to determine K if only the 
magnitudes (but not the phases) of the vari- 
ous scattering and reflection coefficients are 
known. If |[z| is known (and since the 
phase of Tz is arbitrary) the possible range 
of K may be determined from the maximum 
and minimum values of K given by (2), 
namely, 


Ika = (4) 


| sil2(t — [rele] 
[1+ | Sx¥z | ]? 


(It is interesting to note that the db differ- 
ence between Kmax and Knin, 


(9) 


is independent of Sj.? and increases almost 
linearly with |S:1z| for small values of this 
product.) 

When |Tin| is known (and is the only re- 
flection coefficient accessible to direct meas- 
urement because the load is an integral part 
of a structure which cannot be readily taken 
apart) (3) must be used to estimate the pos- 
sible range of K. If the worst possible phase 
combinations of the coefficients are used in 
the estimation, an unnecessarily large un- 
certainty in K will result if the phases of Sy, 
Soe, and Sig are assumed completely inde- 
pendent. In actuality the phases are restrict- 
ed by the following relation if the 4-pole is 
to be physically realizable.! 


1 R, LaRosa and H. J. Carlin, “A general theory of 
wideband matching with dissipative 4-poles,” J. 
Math, and Phys., vol. 33, pp. 331-345; January, 1955. 
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TABLE I 


RESULTS CALCULATED FROM (2) FoR |T'z| =0.15 


| Si2|2=0.98 | Si2[2 =0.95 | Si2[2=0.90 
[Su| | Kmax | Kmin | Ko | Error | Kmax | Kmin | Ko | Error | Kmex | Kmin | Ko | Error 
0.03 | 0.968 | 0.950 | 0.958 | 0.010 | 0.938 | 0.920 | 0.929 | 0.009 | 0.889 | 0.872 | 0.880 | 0.009 
| 
0.15 | 0.973 | 0.944 | 0.958 | 0.015 | 0.943 | 0.915 | 0.929 | 0.014 | 0.893 | 0.868 | 0.880 | 0.013 
0.10 | 0.988 | 0.930 | 0.958 | 0.030 | 0.957 | 0.901 | 0.929 | 0.029 | 0.907 | 0.854 | 0.880 | 0.027 
TABLE II 
RESULTS CALCULATED FROM (3) FoR |Tjn| =0.15 

| Sy2|2=0.98 |Si2|2=0.95 | Si. |2=0.90 

|Su| | Kmax Kymin Ko Error Kmax Kmin Ko Error Kmax Kmin Ko Error 
| 

0.03 | 0.964 | 0.952 | 0.957 | 0.007 | 0.937 | 0.916 | 0.926 | 0.011 | 0.892 | 0.852 | 0.875 | 0.023 
0.05 | 0.965 | 0.954 | 0.957 | 0.008 | 0.942 | 0.912 | 0.926 | 0.016 | 0.899 | 0.836 | 0.875 | 0.039 
0.10 | 0.970 | 0.964 | 0.957 | 0.013 | 0.947 | 0.922 | 0.926 | 0.021 | 0.905 | 0.847 | 0.875 | 0.030 
(1 — | So |2)?— | Soe l?— | Su[?+ | SuSe |? Kymin and an intermediate value Ko, ob- 


= 2 Re Sy*2Sy1S22. (6) 


The maximum and minimum values of K 
should be computed from (3) taking into ac- 
count the above restriction. 


If |Su| is assumed equal to |S22|, (3) 
may be transformed to 
Keo RE SD 
ey i(@, v) a 
| Sie |? 


where 


W=arg (Si2**Sy1S22) 

@=are (Vin* Su) 
ko=|Sve|4+|Su|/4—|Sul?—|[Tis|? 

ki (®, ¥) =A cos ®+B cos (Wy —®) —C cos p 
A = Gl es |.Su| 2) | SuT in| 

B=2| Si2|?|SuTia| 

(Gav | Sio2Si1Soa| - 


Eq. (6) then becomes 
(1—| Si2|2)2—2| Su|?+|Sul4>C cosy. (8) 


Although @ is an unrestricted angle, y is 
constrained by the above inequality to the 
region r—a Sy S7-+a, where a is a positive 
number <7 whose value depends on | Si2|? 
and |Si|2. The extreme values of ki(@, y) 
determine the extremes of k. The former can 
be obtained in the usual way by setting 
0ki/d® and 0ki/dy equal to zero and solving 
for the corresponding values of ® and y. Ifa 
solution lies within the permissible region for 
@ and y the corresponding maxima and min- 
ima of k; are evaluated. In addition solutions 
for the maxima and minima of k on the 
boundary of the permissible region (Y=a— 
a, w+a) are obtained by setting 0k:/d® 
equal to zero on the boundary. The extreme 
values thus obtained are compared with the 
values (if any) which lie within the region 
and the most extreme values are used in cal- 
culating Rmax and min. 

The values of Kmax and Kmin have been 
tabulated for two types of cases for typical 
values of the scattering coefficients. In the 
first type (Table I) |f'z| is assumed known 
and (2) is used in estimating the uncertainty 
in K. In the second type (Table II) |Tina| is 
assumed known, |Su| is assumed equal to 
| Sx2| and (3) is used subject to the restric- 
tion of (6). The uncertainty in K may be ex- 
pressed by the difference between Kimax or 


tained by setting |Su|=|S2|=0. By (2) 
and (3) respectively 


| Sw|4— | Tin? 
pee MS Le 9 
Ko aL (9) 


Ko = | Siz |?[1 i | Well (10) 


The importance of the physical realiza- 
bility criterion can best be appreciated by 
considering an example. Let |Su| =| S2e| 
=0.1, | Si2|2=0.95 and |Tia| =0.15. For the 
worst phase combinations (3) gives a maxi- 
mum difference between K and Ko of about 
9 per cent if the phases are unrestricted. 
This is reduced to 2 per cent if the restriction 
of (6) is applied. 

In most cases Ko is not much different 
from a value midway between Kmex and 
Kymin and may therefore be used to repre- 
sent K with minimum error. The only 4- 
pole parameter required to determine Ko is 
the attenuation, |Si2|?, of the 4-pole. For a 
structure such as a short piece of waveguide 
| Si2|? is usually a smooth and slowly vary- 
ing function of frequency which can be de- 
termined once and for all. 

In measuring Pz the coefficient |Tjn| can 
generally be determined at the same time, 
whereas |',| must be derived from previous 
measurements, generally by interpolation 
between data points. Eq. (9) will therefore 
be more useful than (10). Moreover, for 
small attenuations (|Si2z|?=0.95), (9) will 
yield a smaller uncertainty in K than (10). 
For larger attenuations (9) rapidly loses its 
usefulness and (10) yields smaller uncertain- 
ties. However, if interpolated values of |Tz| 
are used and |Tz| is an erratic function of 
frequency these uncertainties may be ap- 
preciably increased. 
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the B.S. degree he worked one year for White 
Rogers Electric Company in the field of 
research and development of electronic 
equipment. 

From 1954 until the present time he has 
been employed as an instructor in the elec- 
trical engineering department at Washing- 
ton University. 


O. E. VON Romp, JR. 


For a photograph and biography of 
James R. Wait, please see page 189 of the 
July, 1956 issue of these TRANSACTIONS. 


INSTITUTIONAL LISTINGS (Continued) 


NATIONAL INSTRUMENT CO., INC., 23 E. 26 St., New York, N. Y. 
Wide-Band Microwave Equipment, Simulated Flight Instruments, Lobe Switches, Custom Built Precision Apparatus 


WEINSCHEL ENGINEERING CO. INC., Kensington, Md. 
Attenuation Standards, Coaxial Attenuators and Insertion Loss Test Sets 


WHEELER LABORATORIES, INC., 122 Cutter Mill Road, Great Neck, N. Y. 


Consulting Services, Research & Development, Microwave Antennas & Waveguide Components 


The charge for an Institutional Listing is $50.00 per issue or $140.00 for four con- 
secutive issues. Applications for Institutional Listings and checks (made out to the 
Institute of Radio Engineers) should be sent to Mr. L. G. Cumming, Technical 
Secretary, Institute of Radio Engineers, | East 79th Street, New York 21, N. Y. 


INSTITUTIONAL LISTINGS 


The IRE Professional Group on Microwave Theory and Techniques is grateful for 
the assistance given by the firms listed below, and invites application for Institu- 


tional Listing from other firms interested in the Microwave field. 


COLLINS RADIO CO., Cedar Rapids, lowa 


Complete Industrial Microwave, Communication, Navigation and Flight Control Systems 


HUGHES AIRCRAFT COMPANY, Culver City, California 
Radar Systems, Guided Missiles, Antennas, Radomes, Tubes, Solid State Physics, Computers 


MARYLAND ELECTRONIC MANUFACTURING CORPORATION, College Park, Md. 


Development and Production of Microwave Antennas and Waveguide Components 


(Please see inside back cover for additional listings.) 


NOTICE TO ADVERTISERS 


Effective immediately the IRE TRANSACTIONS on Microwave Theory and 
Techniques will accept display advertising. For full details contact the 
Editor of these TRANSACTIONS. 


